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PREFACE, 



During the past year I received from a friend of mine 
in London some diagrams and descriptions of Sus- 
pended and Trussed Bridges, which were part of Mr. 
Edward Kochs's Patent for " Improvements in the 
Construction of Beams or Supports applicable to the 
building of Bridges, Viaducts, Roofs, Arches," etc. 

My friend asked me for my opinion, and desired me 
to examine the matter theoretically. 

These designs, as well as those of the remaining 
part of Mr. Kochs's Patent, agree all in one thing — 
viz., that all bracing bars which connect the top and 
bottom tend to two points ; or if one of these points 
is at an infinite distance, some are parallel. This 
geometrical design Mr. Kochs seems to have consid- 
ered veuy important, and has attached a significance 
to it which I think it does not deserve, and which an 
unprejudiced observation will confirm. 

Another point, however, which in the said descrip- 
tion was clearly expressed, showed that the construc- 
tion of Bridges, besides this geometrical arrangement, 
contained a decidedly novel thought, even although 
Mr. Kochs had not fully recognised its whole im- 
portance. 
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This induced me to look particularly into the 
matter, and the success has proved the truth of my 
supposition, and has shown that we can found upon 
this a new principle of construction, which possesses 
remarkable advantages : it is the principle which, 
under the name of Skeleton Structures, is more 
closely examined in this treatise. 

The calculations chiefly carried out for Suspended 
Bridges have shown particularly that bridges of this 
system, together with complete rigidity, possess great 
lightness. Want of time prevented me from com- 
pleting similar calculations for other structures. I 
hope, however, to have another opportunity to write 
on this subject, particularly if the present treatise 
meets with favor. 

By presenting these general examinations on 
Skeleton Structures, with particular application for 
Suspended Bridges, to the Engineers of Great Britain 
— who, at a time when theory in its application to 
Engineering was very little known,, have shown what 
practical experience and experiments are able to do — 
I venture to express the hope that they will receive 
these theoretical results with some confidence, even 
although an opportunity is wanting to compare them 
with practical results. 

0. H. 

Westminster, March, 1866. 



SKELETON STKUCTUKES. 



DESCEIFnON OF THE PBINCIPLK 



The principle of what is here called " Skeleton Struc- 
tures, " and by which these are distinguished from 
others, consists in the manner in which the separate 
parts of the structure are united into a whole. In all 
these plans the structures are composed of elementary 
bars, which are connected at their extremities by round 
bolts. Looking, for example, at the beam, Fig. 1, we 




find that each line from connection-point (a, c, d, etc.) to 
connection-point represents an independent bar, and 
at each end there is a screw bolt, which connects these 
bars. A glance at the accompanying tables will make 
this clear. No bar reaches farther than from one con- 
nection-point to the other, so that we never find any 
continuous beams in these structures. 

This mode of construction has different advantages ; 
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6 SKELETON STRUCTURES. 

and some of these are of so peculiar a nature, that 
these structures will soon come into more general use. 
The principal advantages are : 

1. Thai each bar is expose d to tmmn and comp ression 
on ly in the direction of its longitudinal ax is, which is the 
most favorable Condition possible. 

2. AU tensile and compressive stjrgins which the diffe rent 
bars are to resist T can be fixed by calculation with the u tmost 
exactness, more so thg/nj^ other structures 

By this system the material can be disposed of in 
the most advantageous manner, and thus be reduced 
to a minimum. For in no part is it necessary to heap 
up unused material. 

3. The expenses for m nMng^ *e*\4mq ™tt f and re -erect- 
ing are far below those fo r f ^jf ff, htiir /i ] ^^ **J *J*» 
b ridges . 

The separate parts consist of bars, steel or iron of 
suitable section ; and the necessary number of bars 
for resisting the respective strains is introduced. 
There are no heavy parts in these structures ; very 
little scaffolding is wanted ; and all the parts can be 
finished in the factory, as no riveting is necessary for 
the re-erection. 

4. Hence it is clear, thai such structures c an be erected 
on a larger scale than hi therto. 

5. These s tructures ar e equally weU fitt ed fo r being made 
frwjj*^ <&& metal 
thin other modes of instruction. 

The l^t three advantages will be obvious to every 
engineer, without looking further into the matter. I 
think, however, on account of the importance and 
peculiar mode of connecting these structures, it 
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would be advisable to say something general about 
the saving of material, although I shall not give any 
figures about weights, until we examine the particular 
structures. I shall firstly call your attention to a 
beam A B (Fig 2), which is bent by certain forces 

Fiy.2, 





1 



acting upon it. We observe in different points of 
one section different strains. For example, in the 
section G D, there is a layer of fibres at G, which is 
not exposed to any strain (the dotted lines indicate 
compression) ; because all points above are in com- 
pression, and all points below are in tension, and 
indeed the forces increase with the distance from the 
fibre G. 

Besides this, each fibre is exposed to different 
strains, as the top fibre, for example, is more in com- 
pression at the point (7, where the beam is mostly 
bent, than at E ; and as the tension is greater at D 
than at F, the strains must alter from section to 
section. To # ascertain, therefore, if a beam of this 
description has sufficient strength, we must find the 
section of the greatest bending, and in this the fibre of 
greatest strain ; thus we find the weak point, which 
has to resist the greatest strain in the whole beam. 
Does this strain not exceed the amount which this 
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point can carry safely, we say the beam is strong 
enough. But it shows further, that a beam exposed 
to certain forces tending to bend it, uses only a small 
portion of its material to resist these forces, and the 
remaining material does not act in proportion to its 
mass. By introducing beams of the proper shape, we 
can, it is true, decrease the amount of material,* but 
we never can come up to a uniform distribution of 
forces in all parts of the material. Thus, for example, 
in a common plate girder of double T section, the ma- 
terial in the place exerts in proportion to the flanges 
only one third of its strength (by the above reasons 
and the distance of material from the neutral fibre.)f 

On the contrary, if tension and compression act in 
a bar only in direction of its longitudinal a'xis, we find 
that not only each fibre in the whole length of the 
bar, but also all fibres of the same section, are exposed 
to a uniform strain. This shows, that material which 
is exposed simply to tension and compression, acts 
incomparably in a more favorable manner, than 
material which is exposed to bending forces ; and we 
therefore use less material in structures where the 
single members are exposed only to tension and com- 
pression. Nearly all beams act according to their 
relative strength, and we cannot prevent them being 
bent in their whole length ; and if we want to con- 
struct a girder exposed only to tension and compres- 
sion, we must seek for a design, in which the separate 

♦By these reasons girders are made in top and bottom considerably 
stronger (single and double T shaped), and the material is increased in 
the most deflected section. 

t Laissle & Schiibler, Bau der Bruckentrager— Stuttgart, 1857. 
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parts are not liable to be bent. To make, therefore, 
a girder in such a way, that a deflection in the whole 
span is possible, we must connect its single parts by 
a joint ; but in doing so, we must take care not to 
affect its rigidity. I believe that the above described 
method of constructing girders of elementary bars 
will prove to be the only one which fulfils these con- 
ditions. This shows, that in a girder of this descrip- 
tion the nature of the connection renders it possible 
to distribute the material exactly according to the 
strain ; and the only question is, if we are in a posi- 
tion to distribute the material so, that in no point is 
there more than what is necessary. To do this, we 
must firstly be able to ascertain the exact strain 
which acts in each single • bar. I mentioned already 
that one of the great advantages of these structures 
is, that the different strains could be ascertained by 
calculation with the greatest exactness ; and it will be 
my principal duty to show afterwards to every one, 
though he be no mathematician, that this assertion is 
true. 

Having ascertained the strains in each bar, it is very 
easy to make the sections of the bars suitable to the 
strain, and thus to construct girders of equal strength 
in each, section. By the above statements, if we 
select a suitable arrangement of the bars, it follows 
that very little material is required ; and we shall 
see afterwards by the figures, that the weights of these 
girders are far below those of any other — except, of 
course, chain and wire-rope bridges, which have not 
sufficient rigidity. But in comparison with these, the 
girders in question have the advantage, if the bars 
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are properly arranged, of being completely rigid in 
themselves. 

After having pointed out the very important ad- 
vantages of these skeleton structures, it is necessary to 
examine their disadvantages, and especially to answer 
the question — are these structures in reality sufficiently 
rigid? This depends, firstly, on the geometrical 
design, which will be discussed immediately ; and 
further, on the mode of connection itself, against 
which, most likely, the chief objections will be made. 

ON BJDIGITY OF SKELETON STRUCTURES. 

For a girder of this construction to have a perfectly 
fixed position, it is necessary that each connection- 
point be fixed absolutely by its meeting bars, and that 
no part of the structure can move while another keeps 
its position. A moving in this way, for example, is 
possible, when in the beam Fig. 3 the bar 5 c is 

omitted. The part to 
-^f>-^ m the right can then 

turn round g, even 

although the part to 
a, ac a ^ the left keeps its 

position ; but when 
the bar b c is replaced, this turning is impossible. 
Were we to leave out one of the inclined bars, 
such as g c, no such turning would result, but the 
parallelogram b g h c can move in its four cor- 
ners. If, however, g c is replaced, this is not pos- 
sible. If we fully consider these relations in the 
most simple geometrical figures, we find that a tri- 
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angle, which is composed of three bars, connected at 
their extremities by screw bolts, is a completely fixed 
structure, of which no part can alter its relative 
position. 

In a four-, five-, or six-sided figure this is not the 
case. Supposing in a four-sided figure abed (Fig. 
4) the corner a is fixed and b likewise — c and d are 
still moveable — but as soon as we 
fix a and c the figure is com- 
pletely determined. To fix, there- 
fore, the position and figure of a 
four-sided figure, we are obliged 
to place two opposite corners in 
a relatively unchangeable posi- 
tion. If these points are not determined by the other 
part of the structure,the simplest mode of fixing same 
is to introduce a diagonal bar a c. By introducing, 
after this, the second diagonal b d, we have one bar 
more than is necessary for determining the figure ; but 
although the second bar gives more rigidity, it has a 
disadvantage sufficient to remove all superfluSus bars. 
For if a superfluous bar has not the exact length, which 
it ought to have according to geometrical design, it pro- 
duces in the whole structure an additional strain, which 
destroys all the advantages of its additional rigidity. 
If we introduce, for example, in a rectangular figure 
one diajgonal, which is rather longer or shorter than it 
ought to J>e, the figure will only assume a slightly 
different shape, but will not alter the strain in any of 
the bars. But if we introduce a second diagonal, it 
is clear that its length must be mathematically accu- 
rate, because the figure has been already determined. 
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If it is a little longer or shorter, it occasions immedi- 
ately in all the bars a certain tension or compression, 
which will increase with the inaccuracy of the diagonal. 
Such additional strains will be produced in every 
structure which contains superfluous bars. 

To give an idea of the additional strains caused by 
the inaccurate length of the bars, we will look at a 
parallelogram abed (Fig. 5) in which the diagonal 
I a c is of such a length as 

^V* * to* clause a b c d to be a 

rectangular figure, and we 
are to introduce a second 
diagonal, which is by y^ 
part of its length too long. 
The question is now, what is the, additional strain 
caused by this inaccuracy in the length of the bar. 
It will be found by the afterwards following calculation 
that the two diagonals are exposed to equal pressure, 
whilst the sides are exposed to tension. The com- 
pression in the diagonal is 




hflq 



r 



where ^"wptesents the modulus of elasticity, r — the 
length of bar, q « the section in square inches, and 
p — the additional length of the bar. By taking for 
steel E - 29 millions of lbs. - 12,900 tons, and 

£ = -nftnr, the pressure S in the whole section of the 

r % 

diagonals will be = 6*45 q tons and 
- = 6*45 tons per ["] " 
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Taking *■ ^ -nrW you will find 

- = # 65 tons. 

By making a diagonal bar of ten feet in length only 
T*fr of an inch too long (A" at each end), it causes an 
additional compression in each of the two diagonals 

= 4 12900. l.rhr.A tons. 
» 3'36 tons per [~| " section. 

If this bar is tV' too short, it causes an additional 
tension of 

3-36 tons per □" 

*• 
and this additional material can be saved, if no super- 
fluous bars were used in the construction. 

This example also shows clearly that in any struc«- 
ture, if there are more bars than necessary to deter- 
mine the figure, they are not only superfluous, but 
injurious and dangerous, because, not knowing the 
exact amount of error in each, it is not possible to 
ascertain the exact strain by calculation. 

In the skeleton structures we find exactly as many 
bars as are necessary to make the structure rigid, and 
where, for particular reasons, it is advisable* to intro- 
duce superfluous bars, it will be found that the strain 
caused by the supposed fault in the length of these 
bars is distributed uniformly through the whole struc- 
ture, and is therefore in each bar very trifling. 

A structure of this kind, by having the necessary 
number of bars, has the advantage of forming one 
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single rigid body, the position of which is completely- 
fixed, as soon as three points of it, which are not lying 
in one straight line, are determined. If the structure 
is to remain in one plane, which is the case in a com- 
mon girder, two points will answer this requirement. 



VALUE OF CONNECTING BY BOLTS. 

The preceding reasonings are only correct on the 
supposition that there is a'perfect connection between 
the single bars. If the bolts of the connection-points 
do not quite fill the holes, the points cease to be com- 
pletely fixed, and allow minute displacings. If there 
be play only in one of its holes, a triangle also can no 
longer be regarded as a rigid body, #nd much less can 
a larger structure, being a combination of many mem- 
bers. It is, therefore, an essential condition for the 
permanent strength and solidity of the whole, that 
the bolts as well as the holes fit exactly ; and more 
care can be bestowed on this point, as this is the only 
work needed to finish the bars. 
Fig. ff g ut Asides, afterwards, no wearing 

either of bolts or 'holes ought to 
occur. This is the objection which, 
I have already intimated, would be 
the most formidable that could be 
made against these structures. 

We will therefore endeavor to 
discover the means in our power 
for the practical reduction of this 
wear. Let A be the head of a bar, 
B the bolt ; the bar is exposed to a 
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A body B (Pig. 7), 



tensile strain, which will be transmitted to the bolt, 
where it presses against the bar. Through this the 
bar-head will be subjected to a compression, which 
in amount is exactly equal to the tensile strain in 
section C D. This force will be distributed over the 
whole touching-surface, and if the bolt fits well, 
will extend, but not uniformly, from a to b and c. 
We will try to ascertain the proportion of this 
pressure by the following means, 
of a semicircular shape, 
ABC supports the piece 
A, the concave surface of 
which fits it exactly. The 
pressure is then distributed 
in such a manner that the 
section CD is* exposed to 
nearly a uniform compres- 
sion. If we therefore divide C B into equal parts, 
each sectional part marked off by such divisions will 
be exposed to an equal pressure, and this will also be 
transmitted at the respective pieces of the arch ab c 
'to the body A. These arch-pieces will become larger 
towards the points a and c, and will be smallest at 
b. As the pressure is distributed over the whole 
touching-surface of each section, the pressure per unit 
will be largest where the surface is smallest. This is 
the case at &, and if we take a strake, sufficiently 
small, its arch will be equal to the corresponding part 
of the line C D, therefore the pressure per square inch 
will here be exactly as strong as on the line CD ; that is, 
the greatest pressure is at J, and is here of the same 
amount per square inch as at the line C J9, or in the 
section a c. 
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Applying this to the bolt, which although not 
exactly, is sufficiently correct, we find that. the total 
pressure S for the section a B c (Pig. 6) is exactly 
equal to the strain in the section D. By calculating 
accordingly the pressure, which acts upon one square 
inch of the section a B c, we find, as above mentioned, 
that it is equal to the pressure per PT at b ; i. e., equal 
to the greatest pressure which acts at the touching- 
surface of bolt and hole. 

Now I remind you of the following rule of expe- 
rience. When a solid body is exposed to a pressure, 
the material will be exposed to a certain compression, 
and the greater the pressure the greater the com- 
pression. As long as this pressure does not exceed a 
certain amount, viz., the limit of plasticity in the 
material, the body will, by virtue of its elastic power, 
return to its original shape as soon as the pressure 
ceases to act. But if the pressure exceeds the limit 
of elasticity, the body will permanently alter its 
shape. In all cases, therefore, it is necessary to 
remain under the limit of elasticity, as only then is 
there sufficient security for the permanent strength of 
the structure. If the bolts,' however, by the pressure 
alone, are not to suffer any permanent alteration in 
form, it is necessary that the pressure on the touching- 
points should in no case exoeed the Admissible strain 
of the material. The same can be said of the hole in 
the bar-head. Is the pressure in no point stronger 
than is admissible, no enlargement of the hole can 
ever be caused by the pressure. 

Now we have found that the greatest pressure is at 
b (Fig. 6), and that this is as great per n w as at the 
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section a c. Supposing that the pressure at b is equal 
to the tension in the bar, it follows that the section 
a c must be equal to the area of the bar. For in this 
case the pressure per £]" at D is equal to that in 
the section a B c, and therefore equal to that at &. If 
the pressure, however, at b be less, the area a c must 
be larger. This section, a c, represents the longi- 
tudinal section of the bolt B (its length being equal 
to the thickness of the bar), and the area is therefore 
= dp, when d is the diameter of the bolt, and p the 
thickness of the bar-head. If q represents the section 
G D 9 then: 

dp= or > q. 

To make d p according to this sufficiently strong, 
we can either take thicker bolts, or enlarge the thick- 
ness of the bar-head. If we take, for example, a flat 
bar of 5" x \" section ; and if the bolt is to be suffi- 
ciently strong for shearing, it ought to have a section 
about equal to that of the bar. The bolt will there- 
fore require a diameter : 

d = r78 in. 

To keep besides this the pressure at the touching- 
surface at b below the limit of elasticity, the thickness 
of the head ought to be at least 1*5, because : 

^=2-498, 
whilst : q = 2*5 

making p d = q. 

It will, however, be more advisable to make the 
diameter d of the bolt stronger, for a thickness of 
1\" in the head on a h" bar is objectionable. 

2 
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By making the head 1" thick, the bolt would require, 
at least, a diameter of 

in order to prevent any permanent changes at the 
touching-surface . 

Besides the above described enlargements of the 
holes, a wearing away would also be produced, when 
the deflection of the girder causes a slight turning of 
the bars round the bolts, which gives rise to some 
friction. Even although this turning of a bar round 
a bolt is a very slight one, the pressure can be, under 
circumstances, very considerable ; and a movement 
will be caused by each passing load. The wearing out 
is certainly very small indeed, as long as the bolts fit 
exactly. To reduce, therefore, this friction to a mini- 
mum, we need only harden the bolts, as well as the 
surface of the holes. By this hardening, the power of 
" resistance against pressure" is at the same time greatly 
increased. 

That, therefore, the connection between the bolts 
and bars may afford sufficient strength and permanent 
solidity, we are obliged to make the thickness of bolt 
and bar-head according to these rules. 

If further, these bolts fit exactly, and are superfi-. 
cially hardened, there is no reason whatever for this 
connection wearing more or not having the same 
duration as any other. 

The above discussed points might have found but 
too little consideration hitherto. 
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THEORETICAL CALCULATION OF THE STRAINS. 

I will now proceed to explain the theoretical prin- 
ciples, by which we are enabled with the expense of 
time, but without especial mathematical assistance, to 
ascertain exactly all the strains which act in the single 
bars of the structure. I shall take particular care to 
present the matter in such a form, that any one who 
is acquainted with only the first elements of mathe- 
matics, will understand it, or at least will be convinced 
that the forces can be determined exactly by calcula- 
tion. As all the results, which are afterwards arrived 
at, are found by means of calculation, the reader 
will only then acknowledge the value of the con- 
struction when he is convinced of the correctness of 
the theory. . * 

These inquiries must naturally be based upon rules 
taken from experience. Having thus gained a good 
basis for the application of the ever-true rules of 
mathematics, we will find that the results obtained by 
the aid of mathematical formulae must give the same 
correctness as the basis. 

Experience teaches us, if a bar be exposed to a 
' tensile strain in the direction of its longitudinal axis, 
it will be slightly prolonged. At the same time the 
elasticity of the rod comes into action and causes a 
strain, which acts contrary to the exterior tensile force, 
and thus produces equilibrium. The exterior tensile 
force serves us as measure for this strain. In this 
action, however, the strain in the rod is directly op- 
posed to the tensile force, and tends to stop the 
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prolongation. This action takes place as soon as we 
decrease the tensile force, or remove it entirely ; the 
strain within the rod will immediately contract it, and 
reduce it to its original length. This, however, is 
found by experience to be true only so far as the 
prolongation does not exceed a certain amount ; i. e., 
as long as the tensile force keeps befow the limit of 



Thus we find the tensile force for steel at its 
limit of elasticity = 15*6 tons per [_j in., which causes 
a prolongation of tJt of the original length ; for 
iron these figures are 8*3 tons strain, and t^tt pro- 
longation. 

Does the force exceed this limit, the rod will be 
liable to a permanent prolongation, and this force will 
destroy a steel bar, if it amounts to 50*4 tons, and an 
iron bar, if it amounts to 22*9 tons per in. Q . 

For practical purposes we must always keep below 
the limit of elasticity, and the farther, the less homo- 
geneous the material is. Thus we generally take as 
the admissible strain for iron 4 — 6 tons per square inch, 
and for steel 8 — 12*5 tons, according to the nature of 
the structure and the material applied. This number 
will also be found by experience. The above figures 
apply to ordinary steel — for cast steel the limit of 
elasticity is higher, and as this material is even more 
homogeneous, the admissible strain can be taken very 
near to the limit of elasticity. 

These figures, taken from experience, show that 
the prolongation of a bar at the highest admissible 
strain is, in proportion to its original length, very 
small. If, for instance, a load of 12 tons per Q in. 
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is applied to steel, its prolongation will be = 0*0009 ; 
i. e. = rfa of its length, and for iron it will be found 
to be far less. 

We must now find the relation between the pro- 
longation and the strain ; for when we have expressed 
this by a mathematical formula, we can calculate the 
one if we know the other. By direct trials it is ascer- 
tained that the prolongation of a rod increases pro- 
portionally to the tensile force and to its length, and 
decreases proportionally to its sectional area. Thus, if 
a load of 5 tons causes in a rod of 1 Q in. section and 
1 foot length a prolongation p, a load of 10 tons will 
cause in the same rod a prolongation 2 p. The same 
will take place when a load of 5 tons is applied to a 
rod of 1 Q in. section and 2 feet length ; whilst a rod 
of 2 Q in. section and 1 foot length at 5 tons load 
extends only h p. 

.Practically, we can consider this law perfectly cor- 
rect for- all structures, and we have thus a basis for 
further reasoning. This expressed by formula will be, 
if r is the length of a bar, q the section, and P a load 
which causes a prolongation p :. 

Pr 

where U, generally called modulus of elasticity, is a 
quantity, which depends on the nature of the material, 
and is determined by experiment. The quantity of this 
modulus is always large. For steel it is = 29,000,000 
lbs. per Q in. ; so that p, according to formula (1), 
becomes, in reality, very small. By applying a com- 
pressive instead of a tensile force, we have, instead of 



22 SKELETON STRUCTURES. 

prolongation, a shortening ; and instead of the strain, 
which tends to contract the rod to its original length, 
we have a pressure in a contrary direction. 

As now the interior and exterior tensile and com- 
pressive forces, as likewise the prolongation and short- 
ening, are contrary to each other, we will use the 
same symbols, but with reverse signs. Therefore — P 
is a compressive force, — 8 the corresponding pressure 
within the rod, and — p the shortening. 

We know from experience that we can use for com- 
pression the same rule as for tension. It is : 

Pr 

or if on each side the signs are changed : 

Pr 

For most of the materials however the limit within 
which the formulae are right is different for tension 
and compression ; but as we in practice always keep 
within these limits, we can consider formula (1) to be 
for general use quite exact. 

In the formula, P represents the exterior compres- 
sive force, and as this one is equal to the tension 
acting in the bar, we may substitute for P the tension 
& and thus get : 

Sr 

which makes : 

B-*U. . . (3) 
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So that, as soon as we know the prolongation, we can 
calculate the strain, which will be tension if p is posi- 
tive, and compression if p is negative. 

By the aid of these formula (2) and (3), we are able 
to solve a number of problems, as I shall show when 
I have explained their general character. These prob- 
lems are all contained in the principal one — to calcu- 
late the forces which act in any system of bars, bolted 
together as previously described. I consider here 
only such systems as lie in one plane, which most 
girders do. 

If a force act upon a material point, it will cause 
thi$ to move, if no other forces act in a contrary 
direction.* Should, therefore, a point exposed to 
several forces remain at rest, the resulting force (that 
is, the force composed of all the other forces, according 
to the " parallelogram of forces") should disappear, 
for otherwise this resultant would put the point in 
motion. 

On a connection-point act, firstly, the strains of the 
different bars, which run together here, and . most 
likely also an exterior load which rests on the bolt. 
The strains in the bars assume therefore such values, 
that the resulting force at each connection-point will 
disappear. 

Should this not be the case, the resulting force will 
move the bolt in its direction. By this the length, 
and, according to the previous example, also the 
strains of all bars become slightly altered, and there- 



* The elasticity of material may also be called such a foroe. 
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fore the displacings will continue so long as the points 
rest in equilibrium. 

Into such a position each point of a structure will 
enter, and will remain there as long as the exterior 
forces continue to act. 

We are now to determine the strains in a structure 
which is in equilibrium. To make it clearer we will 
look at a bridge-girder. The acting (or rolling) load 
will cause the girder to deflect, and therefore all the 
connection-points become displaced. These displacings 
expand and contract the different bars, and cause such 
strains as mutually preserve equilibrium. To deter- 
mine these strains we will use the above rule, which 
may be explained as follows : 

In each structure composed in the above way the result- 
ing force of the strains in the bars and the exterior forces 
will in each connection-point be = 0. 

This rule expressed by mathematics gives for each 
structure always exactly so many equations as are 
necessary for the determination of all the strains. 
And these equations being of the first degree will not 
cause any difficulty in their solution except by their 
number. 

Before proceeding with the calculation of simple 
examples, I will you remind that the already men- 
tioned displacings of the connexion-points are always 
very trifling. As a small alteration in the length of 
a bar is sufficient to cause a great strain, small dis- 
placings will also suffice to produce such strains as are 
requisite to preserve equilibrium under the acting load. 
By no means must these displacings assume so great 
a value that the prolongation of a bar would cause a 
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greater strain than the material employed would 
allow. 

To express the above rule in formulae we will adopt 
a different mode of resolving the strains than is gen- 
erally done in the parallelogram of forces. By this 
mode, as soon as we know all the forces in direction 
and magnitude, we are able to represent any number 
of forces acting upon a point by a single force. It 
enables us further to resolve any force into two given 
directions, and to ascertain the amount of these two 
forces ; so that if, besides a number of known forces, 
also two unknown ones of given direction are acting 
in one point, we are able to arrange the&e two forces 
in such a manner that the resulting force of all dis- 
appears. If more than two forces be unknown, the 
parallelogram of forces is insufficient, and we are 
obliged to use calculation. 

If several forces are acting upon one point, we are 
able to divide each of them into two of given direction. 
Let, for example, in Fig. 8, A represent in length 
and direction a force 
acting upon ; we are 
able to resolve this one 
into two, perpendicular 
to each other, X and 
T, and thus we call 
the corresponding forces 
C and B the com- 
ponent forces, which can be ascertained after the direc- 
tion of X and Fis fixed. 

Because a C A is rectangular, we find : 



y 


Big. 8. 




B 


0/ JL 

^— — — — —— — ~pr 


> 

— 


± 


3K^I 


4 






X 


o 


" C <3 


\ 
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and secondly, that the proportion of TJ and Fto R is 
determined, as soon as the direction of R to is 
known. Taking now in the line A, which repre- 
sents the direction of the force R, any point P, and 
drawing lines from it vertical to X and T 7 viz. : 
P #andP Q', we find: 

A C A*o» QP, 
a B A«o» C Q' P, 



and therefore 



or 



00: 0A = Q: OP 
U:R=0 Q: OP, 



and likewise 



V-R-0 Q' : OP. 

By this it follows that 



or 



because 



and 



U= R cos <f>, 
T= R sin <t> 9 



Q 
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We see by this that we always are able to ascertain 
U and V as soon as the amount and direction of R 
towards JTand Fare given. 

Taking a point upon which any number of forces 
are acting, we may draw two lines (axes) vertical to 
each other through this point, and can thus resolve 
each force (J?) into its component forces (Z7and V). 
Thus we get, instead of forces of various directions, 
forces in the direction of their verticle axes ; which, 
like all forces of the same direction, can be added or 
subtracted according to their positive or negative 
value. After having done this, we have in each axis 
only one force, and by combining these we find the 
resulting force of the whole system. This resulting 
force must be in each connexion-point — 0. Supposing 
the two last component forces are IP and V we have, 
according to our formula, for the resulting force if 

and we see by this, that if Bf shall disappear, U' and V' 
must be = ; because the sum of two positive figures 
(like U' % and F /£ ), can only disappear if both numbers 
by themselves become nought. 
A glance at Fig. 9 will show 

this plainly, the diagonal R in « ¥L.*L-^. 

the rectangle can only be equal ^s' 

nought, if both sides U and "P ^ J^^ 

disappear. This leads us to the L^^ 

conclusion : ^ 

That in each cormexum-point both components of the 
resulting force {considered in reference to any two vertical 
axes) must disappear. 
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Thus we get from the one condition, that the result- 
ing force must disappear, two conditions, and there- 
fore two equations, between the strains. 



EXAMPLES. 



Tig. 10. 



In the structure Fig. 10, A C 
and B C represent bars, which are 
connected at A and B by bolts to 
a wall piece, and at C by bolt to 
each other. A weight P acts on 
the bolt (7, and we want to as- 
certain the strain in the two bars. 
Firstly we have to apply two 
rectangular axes through (7, and because A C is 
horizontal, and C P vertical, we take these directions 
as the axes. The strain in the bar B Owe call S, and 
the one in A C, T. If 8 is resolved according to the 
axes, into its components, we find 




in the direction of C X : 8 



0Y:8 



AC 
B C' 

AB 
BO' 



The two other forces act in the direction of the axes ; 

hence we get 

AB 

in the direction of X : 8 ^-~ + T, 

CY:S^-P, 



where P is subtracted, because it acts contrary to the 
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strain S. Both components must disappear, we have 
therefore : 



s 



BO 

AB 
BO 



P = 0. 



From these equations we see that 

« a -n'Jr, 



T 



AB 

AC 



AB' 



JP; 



which shows, that in the bar B G there is tension, and 
in A C compression, because ^is negative. 
* In this example we had only one connection-point ; 
we shall take, therefore, a more complicated example 
by joining more bars to those, and thus we get a 
structure like the one pre- 
sented in Fig. 11, of which 
we shall proceed to calculate J 
the strains. We will call 
here the connection-points 0, 'A 
1, 2, 3, &c, and the bars 'J 
will be represented by two m 
figures (01), (12), Ac. ; the "'* 
lengths of the bars we call r with the respective figures, 
&c, and the strains likewise, # 13 , &c. We take 




' 13» 

now 



3 
r» = j a, 
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and find further : 

(OW+ (J)--'(l+i) 



1 
'3aO 






26-. 



therefore 





'16 


«, 


*•„ 


= a 


V2, 


»",* = 


= a 


Vl7 
4' 


^4 = 


5 

= 4 


a. 



By this all bars are determined in length and posi- 
tion, and we can proceed to resolve the forces. For 
axes* we always take one horizontal and one vertical 
line, and because we have three free connection-points, 
1, 2, and 4, we can form six equations, by which we 
are able to ascertain all the six strains at once. For 
point 2 we have the same equations as in the previous 
example, by introducing S tA instead of $-, and S 18 in- 
stead of T 7 ; as likewise r 14 , > 1S , and r 14 instead of 
A £, AC, and B ; and we get 

' S = ^ii P 
8 - — ^ P • 

^14 
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or by introducing the values of r : 

& = -P 
14 3 f ' 

S = --P 
" 3 * 

Looking at point 4, we get : 

# £i resolved into g . r -±i and 8 tA . !!i*, 

^34 ^34 ' ^34 * 

V T 

'34 ' 34 

S l4 " " " # 14 . 

By adding these, we get 2 equations : 

g Zi± — & !jii = 

^4 • ^34 

S ^ - iff r oa - r t4 , ff n 

^34 ^34 • ^14 V# 

'*4 '34 

The first equation will give 

*01 * «4 

or because 

«.-«P. a„d ^.^'.= ^, 

^34 — O -^ 1 ' 

From the other equation follows 

S - --P 
^4 - 3 -r. • 
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We have still to ascertain the strains S 01 and S 13 , 
which we are able to do by the equations of point (1), 
after having altered them in the same way : 



By which, in connection with the above equations, we 
find 

8 l% -V2P x -\ V2.P.. 

8 — - P - — P 

^oi — •*- i 19** 

It will be clearly understood how these calculations 
are carried on. , Taking a structure like that in Fig. 12 

the calculations are 
Fig. 12. done in. the same 

way ; one strain is 
calculated after the 
other without difli- 
u> culty. 

\ p I will mention 
here at once, that 
the same calcula- 
tion can be used 
for a trussed struc- 
ture, as in Fig. 13 ; 
FiqJS *ke structure is ex- 

actly the reverse of 
Fig. 12, and it is 
not necessary to alter the formulae ; for as all the Ps 
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act here in the contrary direction, all the signs will 
be reversed. All the strains, therefore, will be the 
reverse of those in Fig. 12 ; where there was tension 
in a bar there is now compression ; and where there 
was compression, tension. 



In these examples, we had always exactly as many 
bars in the structure as was necessary to give it 
rigidity, and nowhere had we any superfluous bars. 
(See page 12.) In all cases where this is fulfilled it is 
possible to ascertain the strains in the single bars by 
the mode above described. 

As we have shown that the strains can be calculated 
very exactly (and the sections of the bars made 
accordingly), we have proved one of the former asser- 
tions, viz., that each bar can be made exactly as strong 
as necessary ; and thus we obtain a structure which 
under a certain load shows in aM parts the same strain 
per square inch. 

In all structures in which we find superfluous bars, 
or in all those in which more points are fixed than is 
necessary to fix the structure, we are obliged to ascer- 
tain the various strains in a different way. 

In all structures without superfluous bars we have, 
as shown above/ exactly as many equations as there 
are bars ; or, by including the fixed points of con- 
nexion, and by adding the pressure of the abutments, 
we obtain exactly as many equations as there are 
strains to be calculated. 

The number of equations depends on the number 

3 
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of connection-points ; each one gives two equations, 
and this number is not changed by the omission or 
introduction of some bars (though the omission would 
affect the rigidity of the structure). Further, as we 
are able to calculate the same number of strains as we 
have equations, we would want for each superfluous 
bar one equation. I shall show hereafter that the 
above number of equations is still sufficient to deter- 
mine all the strains. 

In the beginning of this part I mentioned that 
each girder deflects under any load, and that each con- 
nection-point would be displaced, but that these dis- 
placings would be very trifling. Now we are able to 
resolve these displacings in the same way as has been 
done above with the forces, into two displacings per- 
pendicular to each other. Has any displacing of this 
Ffa:l.4 kind caused the point (Fig. 14) to 

go to A, displacings can be present- 
ed by B and B A, or by B and 
_ 0) because C = B A, which 
represent the displacing in the same 
way as the components above represented the force. 
If therefore the two component displacings are known, 
we know also the actual displacing in magnitude and 
direction. 

Having ascertained the displacing at each end of 
each bar, i. e. the displacing of two connection-points, 
we know also the exact length of the bar in this state ; 
and by deducting the original length we get a small 
piece p, which is the prolongation of the bar. 

As soon as, therefore, we know the displacing of all the 
wnnection-points we know the prolongations of aU the 
bars ; and I mentioned at the beginning, that the strain 
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in any bar could be ascertained by the amount of the pro- 
longation. The equation was : 

s-Ejll. 

r 

This shows that we are able to calculate all strains 
as soon as the displacings of all connection-points are 
known. We have, therefore, now to ascertain the 
displacings of these points, and will look for this pur- 
pose to Fig. 15. Let i and h represent two of these 
points, which are connected by a bar (i k). After the 
structure is loaded, we assume this bar has moved from 
the position (i h) to {i'Jcf), and ii' and kkf are accord- 
ingly the displacings of the connection-points. Let 
X and Y be the axes, horizontal and vertical, 
then i a and i'a are the projections of the displacing 
ii' in the direction of these axes. Let 

i'a = Ui, i a = v { , 
and let the displacings of point h, viz., hd and k d, 
be respectively = % and v k . If, further, r represent 




$ 
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the length i k and ^ that one of i' h ; then is, 

r 7 — r = p, 

L e. the prolongation of the bar at this displacing ;• 
therefore 

r' = r + p. 

Let us put 

ib = (3 , hb = a , 

i' e = P', fc e = a', 

then is : 

r\- «• + £•, (rO'-(«') , + (P / )'-; 

further, as the figure shows clearly, 

a! = e I(f = cfc — ai' = bh + dk — a i'; 
or taking the above notations, 

a 7 = a '+ % — Ui ; 

likewise 

/3'=/3 + Vt — Vi. 

Now we had 

(•)' = W + W 

and by putting r + p instead of r', and by introducing 
instead of a' and $' their values, we find : 

(r + p) 8 = (a + % + ^) 8 + (0 + t>* - 2?i) 2 

or, solved : 

r f + 2 r p + p* = a* + 2 a fa — w t ) + fa .— w*)* 

+ 0» + 2 fa + Vi) + fa - ^) 2 . 

And because r 2 = a* + /3 2 , 
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we get by subtraction : 

2 r p + p* = 2 a fa — Ut) + 2 @ (v k — Vi) 

+ (uu - fy)* + (v k - Vi)* ... (4) 

Now we have shown before, that p is always a very 
small fraction ; therefore p 2 is remarkably small, and 
even in comparison with p itself, so small, that we 
may omit it altogether. The same may be done with 
the square of v* — Ui and with v h — v* By this omis- 
sion it follows from the above equations : 

2r p = 2a(u k -u i ) + 2(3 (v k -Vi); 
and this divided by 2 r, 

^ a(uk — Ut) + P (vie - v<) /gx 

As now 

S=il± (3) 

T 

we get 

S =is q «^-*<)+J<?*-v<). .. (6) 

r 

According to this a strain is expressed by the 
displacings in the extremities of the bars ; the dis- 
placings themselves are, however, still unknown. 
But we have gained one advantage ; we have deter- 
mined more than 2n strains by 2n unknown values, 
where n is the number of connection-points. We have 
seen before, that each connection-point gives two 
equations for the strains, and we thus get 2n equa- 
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tions. By introducing, therefore, in these equations 
the amount of strain expressed by the displacings, we 
get from these 2n displacings the same number of 
equations, in which no other unknown values are 
present. These equations are also for the displacings 
of the first degree, and thus completely sufficient to 
determine same. Formula (3) gives then the strains. 
The equations between the strains ($) were deter- 
mined by resolving all the forces at one connection- 
point into its two components, and by causing the sum 
of all the components to disappear along each one of 
the axes. By introducing the same axes as in Fig. 
15, the components of the strains will be 

#^andtf£ 
r r } 

or expressed by these displacings 

$ a _ Eg a a fa ~~ "d + & ( Vk ~ Vi \ 
r r\ 

$P _ _g Q s a fa - tfi) + P fa - v<) 
r r\ 

By finding these values for each connection-point, 
and by causing the sum of all components along the 
same axis to disappear, we find the equations, which 
in all cases are sufficient to ascertain the displacings 
of all points. 

* Thus it is possible by the solution of a system of 1st 
degree equations to calculate also these strains. 

By this calculation we find with the same exactness 
the deflection of a girder, because the vertical displac- 
ing of a point is always its deflection. 
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The exactness in such a calculation of the strains is 
remarkable. We got before 

2 r p + p 2 = 2 a (14 — u { ) + 2 /? (v k — ^) 
+ (tfe - ^) 2 + (% - *><) 2 • • • ( 4 ) 

and in this we omitted : 

p 2 ; {vnc - ^) 2 and (^ - t><)* 

by making them equal nought. This is, however, 
not absolutely correct, and we commit an error, which 
is, however, so small, that it does not affect the result. 
This is shown, for example, in steel, in which, under a 
strain of twelve tons per Q inch p is always smaller 
or equal to 0'0009.r — it can never be more, and will 
seldom reach this value. For iron, p will be found to 
be smaller in proportion to its admissible strain. 

It is not difficult to ascertain the exact amount of 
this error, because we have in 2 r p + p 2 neglected 
the small value of p 2 and put instead of the above 
value only 2 r p. This divided by 2 r gives. 

As we have just shown £- can in the highest value only 

r 

be equal 0'0009, which makes p (l +£-) =1-00045 p. 

By putting for this value simple p, we neglect 

9 
20000* > 

being not even Wan part of p. 
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Equally insignificant are (w* — u t ) and (v k — v { ) 
and considering we are neglecting in equation (4) on 
each side a positive value of nearly the same amount, 
the fault gets so trifling that it can hardly be called 
an error at all. If we take into account these small 
quantities, the calculation becomes remarkably more 
difficult, whilst the result would be at last exactly the 
same ; as the greater exactness would only affect the 
decimals, which are never used in practice. 

EXAMPLE. 




It will be seen 
at once, that in a 
structure like Fig. 
16 we have super- 
fluous bars, because 
four points are fixed 
and two points are 
sufficient to determine the position of the structure ; 
and further we get only four equations for the two 
points (1) and (l 1 ), by the aid of which we have to cal- 
culate the strain in seven bars. The denotation is the 
same as before ; the strain in the bar (0 1) is expressed 
by S 01f its length by r 01 , its section by q 0l ; and so like- 
wise for the other bars. To determine the lengths, we 
take 



^\>i — * ii 



^\>o' = '"if/ 



a 



a, 



a 

2' 
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The remaining bars are fixed by these in length, and 
we find from the " theorem of Pythagoras". 

(r 0/1/ ) 2 =(r 01 ) 2 + (fw-r a ,) f 

= a 2 + | = a 2 (1+A) 

- 1-0625 . a\ 
U,v — a V 1-0625 = 1*0307 . a. 

And likewise for the others : 

r 0/ i .-= 1*118 a, 
(r ^) 2 = l-25a, 
(r 0/1 ) 3 =l-398a 3 , 

r Q/1/ = 1*031. a, 
r M ? = 1-0625 . a 2 , rw 3 - 1'095 a 3 , 

n X/ = 0*25 . a, 

r n/ 2 = 0-0625 .a\ 

r n ?= 0-0156 .V, 

*W = *W , 
0*12/ = ?Vl • 

The squares and cubes have been added, as they are 
required in the calculation. 

Firstly, we must resolve the forces into their com- 
ponents ; and I will mention at once that, because the 
figure is symmetrical, the strains to the left of 11 / are 
equal to those to the right ; i. e., 

$1/2/ sssr O0/l/ 
#12/ =BS M)1/> 

and we have to calculate the four ^trains : 
^1ki , $,1' , $i' , and #oi . 
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The axes shall be in horizontal and vertical direction ; 
and resolving according to these, the components of 
point (1) will be 

Horizontal. Vertical 

8u, 0, 



P: 



a a 
0, 

o, 



ft * a 

Mtt' ! 

*"oi/ 



and for point (1') they will be 

Horizontal. 

a 



8a,: 



0, 



& 



Vertical 



'o/i/ 



#v 



W 



This enables us to form two equations, because the 
equations for the horizontal components will only tell 
us that, for example, 

Oon' = $i/2/» 

There remain, therefore, only the two equations from 
the vertical components, 

2S on - +Sn,-P, 



\a 



^M)/l/ Oil/ 

^0/1/ 



o, 



wherein /So/i and $ Q/1/ are taken double, because 
members equal to S m , and /Si 2/ are to be added. 
By introducing instead of r its value in figures, we 
get 

0'8&4 S m + S w - P, ) 

0-486^-^=0, [ " 



•0) 
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#01 will disappear, ite value being = 0. By these two 
equations between three quantities, /Sq/i, /So*/, and $ w , 
we are not able to ascertain any of these unknown 
values, until we introduce the displacings of the con- 
nection-pointe. The figure being symmetrical, the 
horizontal displacings will disappear, and there re- 
main only the vertical ones, which we call v x for 
point (1) and v v for point (1/) and by which the strains 
must be expressed. Since u = the former equation 
(5) gives 

n _ P fo 2 —Vl) 

9 = ;; > 



\ 



Fig. J 7 




K -oe -> 



where v 2 and v x represent 
the displacings of the two 
extremities ; and /? is the 
piece of the vertical axis 
cut off by the lines which 
are drawn perpendicular 
from the extremities of the 
bar. (See Figs. 17 and 15.) 

In the same way we find the prolongation of the 
bars: 

poi — 0, 

3 avi 

Pio/^ 



^0/1 



po/i/ • 



a 



riot 



Oi/i 



v v ) = 1>i -Vi/. 



And for the strains we get : 
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^ = 0, 



_ Eq 9vf _, lav* 



»V 



w 






01 — Py 



(8) 



or by introducing the value of r : 



S M .=Hq n . 0-235' 5.', 
a 

#0* = J? 2*1 0-400 A 



Sn^flqn.4 



Vi-Vv 



a 



(9) 



This introduced into the equations (7) gives 
0-3576 Bi„ £+ 4^ u ,^'= P, 
01142 E q ^-E q Jl^ = 0, 
or properly arranged 

(0-3576 ^a + 4 ? n ,) ^ - 4? u ^ = -a , 1 

-4? u ,v x + (01142 gw + Hm)vvi = 0.) 
By this we find v x and v v as soon as we put a certain 
value for the sections ; for instance, all equal = q, and 
we find 



4'3576 Vx- Av v =-^a, 
qjjj 

-4-000^ + 4-1142^.-0, 



(") 
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which gives 



*>= 2 " 187 p a ' 



(12) 



These displacings are therefore proportional to the 
load P, to the length a, and inversely proportional to 
the modulus of elasticity, JE. 

The figure v t gives directly the deflection at the 
load, P. 

As now the strains were expressed above by these 
displacings, we find by (9) and (12) 

jSU = 0-8548 P, 
S on/ = 0-4888 P, 
Bw = 0-2280 P. 

This shows that the strains in the single bars are very 
different, and that we waste a great deal of material 
by making all bars equally strong, as previously sup- 
posed. To save, therefore, possibly, much material, 
we must take either the sections or the number of the 
bars different, so that the strain in all bars may be 
the same. The determination of the sections is the 
principal object of our calculation, and therefore we 
Will look to this part more particularly, and will again 
use the above example, because the same rule is valid 
for all similar structures. 

DETERMINATION OF THE SECTIONS. 

To determine the sections of the bars in our struc- 
tures, so that all bars have one equal strain per unit, 
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we are obliged to introduce into the calculation a 
preliminary value for the sections. For example, to 
simplify the calculations, we suppose the sections of 
the bars all equal. Thus the calculation gives us cer- 
tain strains, as shown above, and according to these 
strains we fix the sections, so that one Q m - section 
is exposed in each bar to an equal strain. 

On this account we must know the load P. Let P 
be equal 10 tons, and the whole structure be composed 
of iron, loaded with 5 tons per Q in., the above strains 

will be 

So^ = 4-89 tons, 
Soa = 8*55 tons, 
/S^, — 2-28 tons. 

This divided by 5 tons, gives the sections in square 
inches : 

gVi/ = 1*00 [[] in. 

qon = 1-71 □ in. 

ffi/i = 0*45 Q in. 

By introducing these sections into the calculation, we 
get different values for the strains, and consequently 
we cannot call those the exact ones. 

Looking back to equations (10) we introduce the 
value of q, and find 

2-451^-1-84^ = I a , 

- 1-84 v x + 1-954 v^ = ; 
and this gives 

Vl = 1-393 ^ a = 13-93 " 

v v = 1-312 *^a = 1312 * 

E E 
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and the strains are now, according to (9), 

&i/ = 3-083 tons, 
#0,1 = 9-528 tons, 
S n/ =1-490 tons. 

For equal sections, and for the same load (10 tons), 
the strains were before : 

$>i<,= 4*89 tons, 
/So/i = 8*55 tons, 
Bu, =2-28 tons. 

We see the sections are very different, but also far 
more economical ; and still we cannot say these are 
quite exact. To make the strain in all sections = 5 
tons per Q in., the sections would be : 

q w — 0-62 □ in., 
qw = 1-91 □ in., 
qw = 0-30 □ in. 

For these sections our strains would again be different, 
but not so much as before. By continuing this pro- 
cess, and by correcting the sections accordingly, we 
finally get the sections so, that in every part of the 
structure the strain will be exactly 5 tons per Q in. 
if the point (1) is loaded with 10 tons. 

In conclusion, we had to notice the dead weight of 
the bars, but this would cause, in comparison with the 
load of 10 tons, very little difference. In large 
structures, however, for example, girders for extensive 
bridges, at which we shall look afterwards, the weight 
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of the bar is surely of more importance, and must be 
taken to account in the calculation^ 

In the same way as shown above, all sections of 
these structures are calculated and fixed. The trouble 
caused by altering the sections different times is 
greatly simplified by choosing the sections at the first 
time in a suitable way, which is, after some experience, 
not at all difficult. 

Thus I have also justified my former assertion, that 
these structures, even although they have two super- 
fluous bars, can be calculated so that the strain per 
unit is the same throughout, and therefore these 
structures will be indeed structures of equal strength of 
material in all their parts — such as have not hitherto 
been produced, at least with the same perfection. 

CALCULATION OF k THE STRAINS WHICH ARE CAUSED BY 
CHANGE OF TEMPERATURE. 

Exactly in the same way as we have previously 
determined the strains by aid of the displacings, we 
can also ascertain the strains caused by the change 
of temperature. As this determination is of the 
highest importance for bridges, I shall now explain 
- its principles, especially as here an additional example 
in illustration of the previous theory is given. 

The prolongation of a rod by heat is proportional 
to the increase of temperature and to the length of 
the rod. If, therefore, t represents the increase of 
temperature in degrees, r the length of the rod, and 
$ the co-efficient of expansion by heat, the prolonga- 
tion of the rod will be 

= 8tr 
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The co-efficient 8 has for different materials different 
values ; for iron, 100 8 is equal 0*001182 ; for steel 
not hardened 

x 100 8 = 0-001079, 

where 100 8 represents the prolongation per unit 
caused by an increase of temperature of 100° Celsius. 
By an increase of temperature of 30° a rod of 10 ft. 
length will thus be lengthened : 

30.0-001182.10 ft 
100 "■ 

= 0-003546 ft. = 0-0425 in. 

The prolongations produced by heat prove, there- 
fore, to be very trifling. However, they can produce a 
considerable strain. 

If a rod be heated by t°, and prevented by exterior 
forces from expanding, a compressive strain will be 
produced in the rod, equal to the strain which is 
required to reduce to its original length a bar extended 
by t°. This prolongation is however 

f=8rt, 
and the corresponding strain will be 

r 
or by introducing the value of p x 
S A = -Uq8t 7 
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and for the strain in the section of a unit 

where E is the modulus of elasticity. 

An iron rod of 10 ft. length, prevented from ex- 
panding, and heated by 30°, will try tp expand with 
a force 

-^•+12800- °-°M" 2 . 30 tons. 
q 100 

= 4*538 tonsper Q in., 

even although its expansion, were it unopposed, would 
only amount to 

0-0425 in. 

If instead of an increase there is a decrease in the 
temperature, the rod will be shortened, and if it like- 
wise is prevented from doing so a tensile strain will 
be produced. The formulae will be the same for * 
decrease as for increase, and will only change their 
signs. I shall, therefore, only consider the effect of 
increase in the temperature : that for decrease in 
temperature can easily be obtained by introducing 
— t instead of + t 

If the force which tries to prevent the prolongation 
of a rod, is not quite able to do so, the heat will also 
prolong the bar a little, by which the expanding force 
will be diminished. Thus it will arrive at a point 
where, between the exterior force and the expanding 
heat, equilibrium is produced. 

If the heat with this resistance can thus expand 
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the rod by the prolongation p', we may say that this 
force has shortened the bar by p A — p' after the heat 
had expanded it previously by p\ The force by 
which the rod still tries to extend corresponds with 
the shortening p A — p'. If we call this force S, and 
we 

r-r-9 ( 13 ) 

we get &= p . Eq ^ tf - p A )^g 
r r 

and according to the previous 

as: e- a*. 



r 



Putting now 



then also is : 



Xq£-B *&%*£- 6 



S-&-A < 14 ) 



In this S represents the strain corresponding to 
the whole prolongation produced by heat ; & a strain 
corresponding to the actual prolongation, whilst S 
signifies the strain acting in the rod. 

The equation (13) will not alter its value by intro- 
ducing a tensile instead of a compressive force j only 
the prolongation p' alters its sign, and hence we get 

and 
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If we look now at the strains caused by heat in a 
suspended or trussed beam, or any other similar 
structure, which can not expand or contract freely, 
we may use the same equations as before, which sig- 
nify that the strains in the connection-points are in 
equilibrium. These strains were formerly called &, 

A 

for which we must now substitute S — S. We know 

S, as it depends only on the increase of temperature, 
whilst S' will be expressed as above by the displacings 
of the connection-points. Thus we get instead of the 
equations for the different S those of the displacings, 
and exactly so many as necessary. We can therefore 
examine the action of heat in the same manner and 
with the same exactness as we did previously the 
strains.* 

Examph. 

As an example, we shall take the same structure as 
that for which we previously calculated the strains, 
and will consider this .example in all points, as it is 
the simplest case of such a suspended bridge as is 
afterwards described, the calculation of which can be 
executed in the same way. 



* In a similar way we may find the strains which arise in a structure 
if a superfluous rod is too short or too long (as shown in page 12). We 
tsuppose the rod is extended or contracted to the length which it ought to 
have without any strain within. This causes a strain which acts on the 
connection-point of the bar. The conditions of equilibrium for the con- 
nection-point give them the strains which arise in the various bars, simi- 
lar to that produced by the influence of heat, with the exception that here 
originally only a single bar strives to alter its length, whilst by heat a 
force originally acts in each bar. 
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By omitting in the above equations (7) the load P, 
we get: 

0-894 tf M + 8*, = 0, 
0-486 So*, - S U/ = 0. 

A A 

S being equal S' — S where S represents the strain 
produced when the rod cannot expand at all. 

Now S=Eqht, 

» 
where 8 indicates the co-efficient of expansion in the 

material, and t the increase of heat in degrees Celsius. 
For iron N 

«"- 0-00001182; 

and by taking t = 30° Celsius, 

A 

^=4-574 tons; . 
9. 

so that the equations will now become, 

0-894 S'm. + S'u, - 0-894 S, A + &,, 
0-486 S'o* - #'„,= 0-'486 S 0/1 - &,. 

\ 

A 

To introduce the value of $ we must know the bar 
sections, and for greater simplicity I shall put them 

all = q. Thus all S will be = 4*574 q tons, and the 
equations become, 

0'894 S\ n + JS' 1V = 8-663 q tons, 
• 0-486 fl'oa - S' n , = - 2-351 q tons, 

where the $' must be expressed by the displacings.. 
As the $' are the strains, which correspond to the 
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actual displacings, they depend upon these in the same 
way as previously S did. See formula (8). By this 
our equations change into 

4-3576 v t - 4 v v = 8*663 - tons, 

- 4 v t + 4-1142 v t , = - 2-351 J tons, 

which correspond with the previous (11). 

They give the values 

v t = 13.609 a, and ^ = 12-660 a. 

and the equations (8) will give the values of 

S'oa = 5*444 q tons, 
#'0/1,= 2'975 q tons, 
/SV= 3-796 2 tons. 

.Because S=S'—S 

the strains actually produced by heat become 

S 0/1 = j- 0-870 # tons, 
#0,1,= — 1"599 q tons, 
S n/ = - 0-778 £ tons. 

These figures give us the strains per Q in. Under 
a load of five tons per Q in. the greatest amounts to 
1*6 tons. 

We must therefore in this, as also in all similar 
structures, where a free expansion is prevented, increase 
the sections according to the strains. 

These strains are caused by an increase in temper- 
ature of 30° Celsius ; for an equal decrease, we get 
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equal but reverse values ; i. e. instead of tension we 
get compression, &e. 

These calculations can easily be transferred to a 
temperature of any degree. Thus for 1° the above 
results must be divided by 30, and thus a decrease in 
temperature of 10° gives 

S vo 0*290 q tons, 

Sw= + 0-533 q tons, 
S n , = + 0-259 q tons. 

BRIDGES. 

Of all constructions for bearing or support that come 
before the engineer, those for the support of bridges 
are the largest and most important. These are, there- 
fore, most suitable to illustrate the value of the Skele- 
ton Structures, which in the future will probably be 
much used in the construction of bridges. I will now, 
therefore, enter into this part of Engineering more 
minutely. 

In designing bridges and similar structures the first 
question is, Which construction is absolutely the best 
for the intended object ? This the engineer can never 
answer. His task is, therefore, to compare all the 
various known constructions with each other, and to 
balance their respective advantages and disadvantages. 
By this, though he can never discover the best possible, 
yet he may arrive at that which of the known ones is 
the best for his object; but he can never thereby affirm 
that the one he has fixed on may not be replaced by 
a better. 

Here, therefore, where it is my chief object to 
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explain a new system for such structures, I will try- 
to compare the new construction with the best exist- 
ing one. If by this comparison we find that this 
construction can, with equal strength, be executed 
more cheaply, or that with equal amount of material, 
it gives greater strength, then must this principle be 
acknowledged as theoretically the better ; and if no 
difficulties occur in the construction, and if the 
strength of the girder is not affected by tear and 
wear, it must also be acknowledged as practically the 
better. 

In the first part I have already directed attention 
to the advantages derived from the connection made 
entirely by bolts, and proved that the material is best 
applied in this way ; and that bridges so constructed 
must be lighter than any other. I have there proved 
how the sectional areas of the structure are deter- 
mined, and will now compare the weight of girders 
thus found with that of other girders. This is the 
only point we have still to examine, as the connection 
by bolts, on which the strength and permanence of 
these structures depend, has already been considered 
in detail. 

Two points of comparison with other bridges pre- 
sent themselves : firstly, the weight of the girder in 
proportion to the greatest load which it can carry, 
upon which depends principally the cost of the 
structure ; and, secondly, the deflection in proportion 
to the span. This deflection is the only measure we 
have of the rigidity in a bridge, until we solve the 
problem to ascertain the oscillation of a bridge whilst 
a train is passing, or until a bridge has been built 
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and tested for this purpose. Such trials, in which the 
oscillations and deflection are exactly observed, are, I 
am convinced, made only in very few bridges ; as in 
works otherwise so rich in information about bridges, 
we find seldom data of the deflection for various loads. 

Both weight and deflection depend to a very great 4 
extent on the shape of the girder, and thus the shape is 
of the greatest importance. It is difficult to say which 
scheme is the best, as this will greately depend on the 
purpose of the bridge. If greater lightness is required, 
so must it be procured by loss of rigidity and increase 
of deflection ; whilst, on the contrary, the deflection can 
be lessened by employing more material. 

The bridges which can be built as Skeleton Struc- 
tures are of the most various kinds. We find in the 
annexed plates examples of beam-bridges, which cause 
no horizontal pressure on the abutments (Figs. 7 and 
8, Plate III.) ; further, of suspended and trussed 
bridges, remarkably perfect in their construction. 
(Plate I. and II.). All these bridges have top and 
bottom members, which are so braced together that 
the whole girder forms a rigid mass (as considered, 
page 10, &c). 

I shall enter now upon a closer examination of the 
suspended and trussed bridges ; and principally the 
simplest of these (see Fig. 1, Plate I.), where it will be 
observed that the trussed girder is the reverse of the 
suspended. 

SUSPENDED BEAMS. 

The suspended beam (Fig. 1, Plate 1) is the clearest 
representation of all peculiarities of this mode of con- 
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struction. Such a beam fixed at two points in each 
pier forms a perfect rigid body. Wherever we might 
cut off the beam, the piece between the pier and 
the section will keep its position unaltered. In cut- 
ting the bridge for example in the centre, each half 
will form an arm of a girder, as* is shown in the 
swing bridge (Fig. 3, Plate I.). Similar girders are 
obtained by cutting the bridge anywhere, for it is 
easily seen that nowhere is a rod wanting, and that 
therefore the structure is perfectly rigid ; neither is 
there any superfluous rod as soon as the section is 
made. In considering, however, the whole structure, 
we find in reality two rods too many, as both ends, 
altogether four points, are fixed. Through this, how- 
ever, can in no case any special strain arise. If, for 
example, in the lower member, a bar should be a little 
too long, the strain produced would be distributed 
over the whole length of the member, and if this con- 
sist of 10 bars, each bar would be exposed to one- 
tenth of the strain. If, thus, a rod be too long by 
1000th of its length, the strain would become very 
little,' and can be neglected. Besides, the mode of 
constructing such bridges would diminish the strain. 

The erection of the bridge will proceed from each 
pier, by which means the bridge always supports 
itself. Arrived at the centre, the closing bars may 
be bored on the spot. When erecting a bridge in 
this manner there would be no especial need of 
scaffolding or other support, as the roadway of the 
bridge may at once serve as such. We need not 
make any further observations to show the great ad- 
vantages of this mode of erection, particularly for 
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bridges of great length and across deep chasms, where 
an intermediate temporary scaffolding causes the 
greatest difficulties. 

Some bars, however, may be subjected to greater 
strains before the bridge is connected in the centre 
than afterwards. • A simple calculation will show if 
the bridge, before shutting, is able to carry its own 
weight without injury to one of those bars, and if in 
large spans this should not be the case, it will be easy 
to procure temporary chains to support the weight. 

The sectional areas of each separate bar are deter- 
mined according to the explained theory by calcula- 
tions as follows : Firstly, we assume that the load on 
the bridge is equally distributed. This load acts on 
the connection-points, and only there, as the cross 
girders carrying the platform rest upon the bolts. 
We have, therefore, on each connection-point of the 
lower member a load P acting, in which the weight 
of the platform, as well as casual loads, is included. 
The latter is supposed equal to the greatest load 
which the bridge shall carry. 

In the following it is assumed that this load, in- 
cluding the weight of the platform, is for a single line 
of rail = 2 tons per running foot. In proportion to 
this uniform load the strains in all bars, and by this 
their sections, will be determined, as shown page 46. 
According to these sections we calculate the strains 
for eccentric hods, and correct those sections wjiich are 
thus found to be too small. These sections will be 
able to resist any load, but would need a final correc- 
tion to resist the influence of temperature. As the 
whole body of a girder forms a strong beam, which is 
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fixed at each end, the bridge, by change of tempera- 
ture, cannot expand or contract freely ; and all the 
strains caused by these changes must be resisted 
within the structure. How these strains are deter- 
mined is shown page 48. The magnitude of these 
strains depends chiefly on the climate of the country 
where the bridge is to be erected ; and is, of course, 
very different. If the bridge is erected during the 
middle temperature of the year, then we have to take 
into our calculation the highest and lowest tempera- 
ture of the country. I have assumed in the former 
examples that the bridge is erected at a middle tem- 
perature, and then taken 30° Centigrade, = 54° Fah- 
renheit, above and below it ; so that the bridges have 
been submitted to all fluctuations of temperature 
within 60° Centigrade - 108* Fahrenheit. 



To give an ide& how these strains thus found by 
calculation are distributed in these suspended bridges, 
I have prepared some diagrams (shown in Plate IV.), 
in which the amount of strain is signified by the 
thickness of the respective lines. At the same time 
I have chosen for compression and tension different 
colors, thus, that all ties are shown black, and all 
struts are shown red. The bars represented by the 
thickest of the red lines have therefore to resist 
the greatest compression, and the bars of the thickest 
black lines likewise the greatest tension, according to 
the circumstances mentioned afterwards. 

Fig. 16 gives, thus illustrated, the strains in a 
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bridge girder of 200 ft. span uniformly loaded. The 
inserted numbers give the amount of strain in tons of 
each bar ; if the girder is thus loaded, that dead weight 
and rolling load amount to one ton per running foot. 
By taking steel of 10 tons admissible strain per Q 
in., the dead weight of one girder will be -At ton, there- 
fore the rolling load, with platform, will amount to A 
ton per running foot. 

The dotted lines are intended to illustrate the deflec- 
tion caused by this load ; they are drawn according to. 
the displacings calculated for each connection-point. 
As these displacings, however, are so trifling that 
they could not be shown in the same scale as the 
girder, they are drawn five times enlarged — i.e. the 
real deflection is T of that one shown. 

Pig. 16 gives for the same bridge and the same 
material the strains which occur when the tempera- 
ture rises by 30° Centigrade (= 54° Fahrenheit). By 
this, all strains which are caused by dead weight and 
load are not taken into account ; the diagram shows, 
therefore, those strains which are produced by the 
heat only., These are to be added to the strains caused 
by the load, which combination is shown in Fig. 17. 
This diagram contains, therefore, the strains which 
occur by a uniform load, and by an increase in tem- 
perature of 30° Centigrade. 

By determining the latter strains, I have considered 
the most unfavorable way of connection — viz., that 
the ends of the girder are fixed absolutely in the piers. 
In practice, these strains will be considerably less. 

In Fig. 16 the change of form is also indicated by 
dotted lines ; but as these are considerably smaller 
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than those in Fig. 15 they are 50 times enlarged. 
To know this deflection is but of little interest, only 
so far as it would be advisable to give the roadway of 
the bridge a raise in the centre, at least equal to the 
greatest possible deflection, so that the girder can 
never deflect below the horizontal line. 

As now the deflection by heat is to be distinguished 
from that one caused by the load, I have not shown 
any deflection in Fig. 17. The deflection by heat is 
the same as shown in Fig. 16 (i.e. ^ part of it), and 
that one momentary produced by the load is the s^me 
as in Fig. 15 (i.e. t part of it). The latter, as before 
mentioned, can be considered as a measure for the 
rigidity of the structure ; and this rigidity does not 
suffer by the action and deflection caused by heat. 

In regard to Fig. 16, it might be mentioned that a 
decrease in temperature of 30° Centigrade does not 
alter the amount of strain, but compression will be- 
come tension, tension become compression ; and in- 
stead of a deflection, we get a convex curve. Fig. 16 
gives also, therefore, an illustration of the state at 30° 
Centigrade decrease in temperature — only the black 
lines signify in this case compression, and the red ones 
tension. 



After the calculations were completed in the above 
way, all sections were so determined that each square 
inch at the highest admissible strain (i.e. the strain 
caused by the joint action of the most unfavorable 
load and most unfavorable influence of temperature), 
will carry exactly so much as its material will allow. 
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In this way, we find the smallest sections with which 
the bars can resist most safely all the strains to which 
they are exposed. In practice, however, it would not 
be advisable to take each bar of a section exactly fitted 
to its strain, but to introduce different numbers of 
bars of equal section ; and such a section ought to be 
taken that in all parts there is rather more than less 
of the required material. 

In this manner I have calculated several bridges, 
and give here the data which were found for a bridge 
of 100 ft. span (Fig. 1, Plate I.), where various 
materials, from ordinary iron to the best steel, are 
supposed to be used in the structure. By composing 
a table of weights of different materials, we will see at 
once the advantage of a superior sort of metal. 

The value of material for such structures depends 
chiefly on the greatest strain that one Q in. of it is 
able to bear. We called it above the greatest admis- 
sible strain, and will indicate it by T, which always 
relates to one Q in. Besides this quantity, the 
"modulus of elasticity" must be taken into considera- 
tion in calculating the deflection, but has no influence 
upon the weight of a bridge. 

I will therefore classify the material by its highest 
admissible strain, and indicate it as that for which T 
has the value of 5 tons, 6 tons, &c. I will also take 
into my calculations all the values of Tfvom 5 to 12 
tons, the former being a safe load for ordinary iron, 
whilst the latter is the same for unhardened steel. 
These numbers include the best qualities of iron and 
the newer sorts of half-steel and steel, which have 
lately been introduced in the trade. 
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The greatest admissible compression per Q in. is, as 
usual, taken a little less than the tension, namely, = $ T, 
though I am of opinion that even wrought iron can 
resist a compressive equally as well as a tensile force ; 
provided that all bending out or twisting of the mate- 
rial is prevented. For half-steel and steel both strains 
can nearly be taken the same. As it is, however, 
difficult to prevent totally bending out, I have, as 
said before, taken everywhere the sections so that the 
greatest compression becomes nowhere more than I of 
the greatest tension. 

I give first the weights of a bridge of 100 ft. span in 
the following table : 





Table I. 




T 
in Tons. 


Weight of 

One Girder 

in Tons. 


Weight of 

the whole Bridge 

in Tons. 


5 


10'7 


41 


6 


8'8 


38 


7 


7-4 


35 


8 


6-4 


33 


9 


5-7 


31 


10 


5-1 


30 


. 11 


4-6 


29 


12 


4-2 


28 



The first column of this table gives the greatest ad- 
missible strains which the materials can resist, or, if 
you like, the highest strain caused in a bar by the 
most unfavorable load and influence of temperature. 

The second column gives the weight of one girder 
of 100 ft. span for the various materials, where it is 
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assumed that such a beam can carry, besides its own 
weight, 1 ton per running foot, unless the corre- 
sponding number of the first column be overstepped. 
Consequently, a bridge having two girders can carry, 
together with the platform, 2 tons per running foot ; 
which is a heavy load for a single line railway bridge. 
Prom this table we can very easily find the weight 
of one girder required to carry any given load, as we 
have only to multiply the numbers of the table with 
the load per running foot. As the general load for 
railway bridges of middle spans is li tons per running 
foot, each girder would carry only § tons of rolling 
load. To this must be added the weight of the plat- 
form, which I take = | ton per running foot,* and 
thus both girders have, besides their own weight, 
1*25 + 0*2 = 1*45 tons, and each girder 0*725 tons. 
If we take, then, 0*73 tons per running foot, we 
would receive the following table, which gives also 
the weights of a 100 ft. bridge able .to carry, besides 
its own weight, li tons per running foot. 

* This number, generally assumed for wrought-iron plate girders, must 
not be supposed to be too low, as lighter girders have been made. 
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Table II. 



Weights of One Girder of 100 Feet Span, when Two 
Girders carry, besides their own Weight and thai of 
the Platform, \\ Tons per Running Foot 



in Tons. 


Weight of One i 
in Tons. 


5 


7-8 


6 


6-4 


7 


5-4 


8 


4-7 


9 


4-2 


10 


3-7 


11 


3-4 


12 


31 



If one girder weighs 7*8 tons, two girders would 
weigh 15*62 ; the platform = 20 tons ; and, therefore, 
the total weight of the bridge would be = 35 6 tons, 
or = 0*356 tons per running foot ; and this carries be- 
sides 1*25 tons ; in all, therefore, 1*606 tons per run- 

ning foot, i.e. = 4*5 times its own weight. If 

we make, however, bridges in steel of 10 tons admis- 
sible strain, the weight of the whole bridge will be 
only 27*4 tons, which includes 20 tons for the plat- 
form. 

For lattice and plate girders, we assume that the 
average weight of two girders for single line is in lbs. 
nine times the span in feet. For a 100 ft. the weight 
of two girders is thus 900 lbs., or for one girder 450 
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lbs., or 0*201 tons per running foot, making 20 tons 
for the whole girder. 

As now, however, lately, such lattice-girders have 
been built sometimes lighter, the average weight of a 
100 ft. bridge would scarcely be taken below 0*15 tons 
per running foot, which makes the weight of one 
girder = 15 tons, being about twice the weight of a 
skeleton girder. If the platform weighs 20 tons, and 
each girder 15 tons, the whole bridge will thus be 
= 50 tons, whilst ours is only 36 tons. 

I add here the calculated deflection of a loaded 
girder of 100 ft. span. A 100 ft. bridge for ^ single 
line, in iron of 5 tons admissible strain, will deflect 
under a load of Ik tons only 0*63 inches. This is very 
nearly infW of the span, whilst most railway bridges 
have a greater deflection under such a heavy load. If 
I take half the above load, or f tons per running foot, 
say the weight of a goods train, the deflection would 
also be only the half, i.e.' * inch, and for lighter trains 
proportionally less. 

As now the deflection and also the strains as above 
explained are found with great exactness, so would 
these numbers be the strongest proof that these 
bridges, in spite of their great lightness, possess suffi- 
cient interior rigidity to carry both speedy and heavy 
■* trains with the greatest safety. 

In steel bridges the deflection is of course greater, 
as is easily observed from the previous formula (2), 
for the extension of a bar. According to these the 
prolongation is 

rS 
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This quantity increases therefore in proportion to 
the strain per Q in., and is reversely proportional to 
the modulus of elasticity, E. Now the modulus of 
elasticity for iron and steel varies between 28 and 30 
millions of lbs., where hardened steel is excluded. I 
have taken it always = 12,900 tons, or about 29 mil- 
lions of lbs. The prolongation depends, therefore, 

8 
only on the strain per Q in., - and this is always 

greater in the case of steel. 

A 100 ft. bridge made of steel, with 10 tons admis- 
sible strain per Q in., suffers, therefore, by a load of 
\\ tons per running foot, a deflection of 2 x 0.63 = 
T26 or Ik in. ; i.e. of about t*W of the span. 

These bridges would for ordinary trains be suffi- 
ciently rigid ; at any rate the deflection of steel bridges 
constructed otherwise will not be less, if they are of 
the same weight. 

If we, however, would build a steel bridge of less 
deflection, we have only to increase the section of 
the bars. If the girder be made heavier by half of 
its weight, the deflection will be one-third less. There- 
fore, in each structure, the special object must decide 
the nature and amount of material. 

For the other materials given above we get the 
following deflections : 
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Table III. 

Deflections of a 100 Feet Bridge of the same Weight as 
that in Table II., and loaded with Ik Tons per running 
Foot. 



in Tons. 


Defleotion through Loading. 


5 


0*62 inches - 0*00050 of span 


6 


0-76 ' 


' = 0-00063 " 


7 


0-90 ' 


' = 0-00075 " 


8 


1-04 ' 


' = 0-00087 " 


9 


1-18 ' 


' =0-00098 " 


10 


1-31 ' 


' = 0-00109 " 


11 


1-45 ' 


' = 0-00120 " 


12 


1-59 ' 


• - 0-00130 " 



The deflection caused by the above load is, therefore, 
only in materials of 10, 11, and 12 tons admissible 
strain greater than y^ of the span. 

To these data I add a table for the deflection of 
free-supported girders, Fig. 18, on which the load is 
also equally distributed. For such a beam we may 
take the simplest j^ l8 ^ 

—a plate girder \\\j\\\\\ ' 
of equal section [ | 

throughout. In T if 

this case the deflection 

~ 8 JEJ 48' 

where P represents the load per running foot, including 
the dead weight, L the span, and ^the momentum of 
inertia of the section " for the horizontal axis." 
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If otherwise in a beam Tis the highest strain per 
| | inch, the load P can be taken as large, as it follows 
from the formula : 

h 

in which it is supposed that the centre of gravity in 
the cross section of the beam is as half its height, h. 
From this we see 

This being introduced into the above equation 
makes 

5 P V 16 T\ 



5 = 



24^16 h P' 
5 PL T * 



24 EH ' 

where, however, 8 now represents the deflection of 
such a beam, when so loaded that the greatest admis- 
sible strain is reached. 

If again we put i?= 12,900 tons ; for T^the respec- 
tive values 5, 6, ... 12 tons; and lastly, as on an aver- 
age is the case in bridge-girders h = — L, or - = 10, 
we get the following table : 

* Laissle & Schubler, " Bau der Bruckentrager " — page 73. 
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Table IV. 




7 in Tons. 


Deflection at IOC 
Span in Inches. 


Deflection in proportion 
to the Span. 


5 


0-96 


000081 . L 


6 


119 


0-00097 " 


7 


1-85 


0-00123 " 


8 


1-54 


0-00129 " 


9 


1-74 


0-00145 " 


10 


1-93 


0-00161 " 


11 


2-12 


000177 " 


12 


2-33 


0-00194 " 



As in Table III., it has been here also supposed 
that the girder is so loaded that the greatest admis- 
sible strain T is reached. These tables are therefore 
very suitable for a comparison between the deflections, 
and this comparison results decidedly in favor of the 
new bridges. The load which a beam with such & 
deflection can carry depends, of course, also on the 
form of cross-section. 

This 100-feet bridge I have examined thoroughly in 
order to explain the character of the whole system. 
Henceforward I can be more concise, as I now pro- 
ceed to give the weights of girders for different and 
larger spans, and to compare these with some of the 
executed bridges. 

I give firstly a few tables exactly like I. ai\d II., 
only for different spans. 

The weights in these tables are for girders of 
geometrical-similar form, so that the design, Fig. 1, 
Plate I., will obtain for all these girders, since they 
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may be drawn to different scales. The sections, and 
by these also the weights, are then from a 100-feet 
bridge determined by calculation, by the condition 
that the same maximum load per running foot and 
the greatest strain will be the same as in those.* 

It will be seen that in these tables no regard is paid 
to the span at which these bridges may be built, 
because this depends chiefly on the greatest length of 
the bars or members which in practice may bfe adopted 
with success. I consider 700 feet to be the limit for 
this kind of bridge, if the division points are properly 
arranged. These divisions depend on the distance of 
the cross-girders, and whether these are connected by 
longitudinal girders or not — as the cross-girders can 
only rest on the bolts of the connection-points. 

For large spans, therefore, another design is neces- 
sary in which the length of the bars is in general 
less, and this is the case in Fig. 4, Plate II., where 
we have two curves. 

The average weights of these bridges may be taken 
from the same tables as the others. 



* How these weights are found by those of the 100-feet bridge — see 
Appendix. 
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Table V. 

Containing the Weights of One Bridge Girder, which, be- 
sides its own weight, can carry 1 Ton per running 
Foot, indvding the platform. 



T 


"100 


"eoo 


"3 


"400 


"5 


"60 


"700 


"800 




Tons. 


Tons. 


Tons. 


Tons. 


Tons. 


Tons. 


Tons. 


Tons. 


6 


10-7 


48*0 


122-4 


252-8 


467 


828 


1465 


2726 


6 


8-8 


38-4 


954 


190-4 


337 


662 


907 


1450 


7 


7-4 


320 


78-3 


152-3 


262 


425 


657 


987 


8 


64 


27-6 


66-4 


127-6 


217 


342 


515 


749 


9 


6-7 


240 


67/9 


109-6 


185 


284 


421 


593 


10 


61 


21*2 


60-8 


95.8 


160 


245 


358 


504 


11 


4-6 


19-2 


46-6 


86-4 


140 


216 


309 


433 


12 


4-2 


17-6 


41-3 


76-6 


125 


191 


274 


381 


13 


3-9 


16-0 


37-6 


69-9 


115 


173 


245 


329 



If we wish to find the weight of a girder for another 
load we have to multiply the respective number in the 
table by the load per running foot. Suppose, for 
example, the problem is to find the weight of a girder 
for a single-line railway bridge, loaded with 1* tons 
per running foot, if the span be 300 feet, and the 
admissible strain 8 tons per square inch, 



The two girders carry 
Platform per running foot - 

Total load - - 



1*25 tons. 
0-2 " 



1-45 



i. e. 0*73 tons per running foot for one beam, besides 
its own weight. Ill a span of 300 feet, and under a 
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strain of 8 tons per Q inch, the table gives a weight 
of 66'4 tons, and this multiplied by 0*73 gives for the 
beam in question a weight of 48 '5 7 tons. Two girders 
weigh, therefore, 97 tons, so that the whole bridge 
weighs, with the platform of 60 tons, 157 tons. 
In this way is the sixth table arrived at. 



Table VI. 

Giving the Weights of One Beam when Two of* them, be- 
sides their own weight and that of the Platform, can 
carry Ik Tons per running Foot. 



T 


100 


200 


300 


400 


500 


000 


700 


800 


900 


1000 


5 


78 


35-0 


894 


184-4 


337 


601 


1070 


1990 


4393 


21160 


6 


64 


28-0 


69-6 


138 8 


247 


410 


661 


1058 


1733 


3030 


7 


54 


234 


57-3 


110*8 


191 


310 


480 


721 


1076 


1628 


8 


4 7 


20-a 


48-3 


93*6 


159 


250 


375 


516 


780 


1117 


9 


43 


17-6 


43-0 


804 


135 


208 


303 


425 


015 


847 


10 


3-7 


154 


36* 


70-0 


117 


179 


371 


368 


502 


679 


11 


34 


14^0 


33 3 


62H) 


102 


158 


225 


316 


432 


569 


12 


3 1 


12-8 


30-3 


56*0 


93 


139 


200 


278 


373 


489 


13 


a-e 


116 


27-3 


61-2 


84 


126 


179 


248 


331 


438 



To this I still add a table giving the same weights as 
in the previous one, not, however, for the whole beam 
but for the running foot, with the purpose of gaining 
better means of comparison. 
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Table VII. 

Containing Weights per running Foot of different Girders, 
when Two of them, besides their own weight and Plat- 
form, have still to carry li Tons per running Foot. 



T 


100 


200 


900 


400 


500 


600 


700 


800 


900 


5 


078 


0-175 


0-298 


0-461 


0-673 


1-007 


1-528 


2-488 


4-881 


6 


0-064 


0140 


0-232 


0-347 


0-493 


0-683 


0-945 


1-323 


1-925 


7 


0-054 


0-117 


0191 


0-277 


0-382 


0-517 


0-685 


0-901 


1-196 


8 


0-047 


0101 


0-161 


0-234 


0-317 


0-416 


0-537 


0-683 


0-867 


9 


0-042 


0-088 


0140 


201 


0-270 


0-346 


0-433 


0-541 


0-683 


10 


037 


0-077 


0-123 


0175 


.0 234 


0-298 


0-373 


0-460 


0-558 


11 


034 


0-070 


0111 


0-155 


0-204 


0-263 


0-322 


0-395 


0-480 


12 


031 


0*064 


0-101 


0140 


0-183 


0-232 


0*286 


0-347 


0-414 


13 


028 


0-058 


091 


0-128 


0168 


0-210 


0-256 


0-310 


0-368 



T 


1000 


1200 


1400 


1600 


1800 


2000 


2200 


2400 


2600 


5 


21-160 


















6 


3 030 


21-155 
















7 


1-628 


3-534 


21-203 














8 


1-117 


1-925 


4-016 


21193 












9 


0-847 


1-323 


2-212 


4-461 


21-429 










10 


0-679 


1008 


1-529 


2-491 


4-887 


21-192 








11 


0-569 


0-814 


1176 


1-728 


2-777 


5-294 


21-188 






12 


0-489 


0-683 


0-944 


1-322 


1-898 


3-024 


5-681 


21-185 




13 


, 0-438 


0-588 


0-792 


1-072 


1-477 


2-117 


3-280 


6-047 


21183 



These tables, especially the latter, give a clear view 
of the weights of girders. We see from them how 
the weight of the girder itself increases rapidly com- 
pared with the span. 

Further, we see that for larger spans the bridges 
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of better material are much lighter than those of in- 
ferior, which shows the advantage of better material, 
especially in large structures. 

To assist us in forming a better opinion of the 
material, the following table will be found interesting. 
It contains the spans for different materials when a 
girder can carry nothing but its own weight : 



Table VIII. 

Admissible Strain. Theoretical Limit of Span. 

5 tons 1035 feet, 



6 
7 
8 
9 

10 
12 
12 



1241 
1448 
1655 
1862 
2069 
2276 
2483 



At these spans a bridge will not be able to bear any 
load without exceeding the greatest possible strain of 
material. 

In practice it will be advisable to keep far below 
these figures, because the dead weight of the girders 
increases rapidly as you approach these .spans ; as 
Table VII. , for T= 5 has also shown, giving for 900 
feet span 4*88 tons dead weight per running foot, and 
21"16 tons for 1000 feet span ; and by going 85 feet 
further the dead weight becomes infinite. 

Although, therefore, on the one hand, a bridge of 
1000 feet span can scarcely be built of wrought iron, 
on the other it cannot be denied that according to 
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this plan larger spans, excluding common road sus- 
pension bridges, will be possible. But by using 
steel we are able to eiceed the above span. From 
the use of this metal less material is required, and 
this saving increases remarkably in crossing large 
distances. 

It is still a question, which is the most suitable 
arrangement : short spans and many pillars, or long 
spans and lew pillars? It is difficult to speak de- 
cidedly on this point, because there are many circum- 
stances to be taken into consideration. One thing 
is clear : that the most suitable span will increase 
remarkably if we are able to build higher bridges, 
i. e. having less dead weight, and this will be proved 
in every respect by adopting this skeleton construc- 
tion. 

In conclusion, I have to compare the bridges of 
skeleton construction with the structures already 
executed, more particularly as I used before only aver- 
age values of plate and lattice girders. 

By aid of the above tables I shall calculate the 
weight of a bridge of the same span as that of the 
one already erected, with which it is to be compared. 

The largest span which has hitherto been adopted 
with success for railway traffic we find in the Britannia 
Bridge, which, by the novelty of its construction and 
its audacity in erection, caused not only general admi- 
ration at the time, but will always be considered a re- 
markable epoch in the history of iron structures. 

This bridge has a span of 460 feet, which is crossed 
by a tube of 1400 tons weight for single line, making 
3*043 tons per rugming foot. 



78 SKELETON STRUCTURES. 

One skeleton girder, of 460 feet span single line, 
made of wrought iron, loaded with 4 tons per | | 
inch, and which carries besides the roadway (*= 0*2 
tons per running foot), l£ tons per running foot, 
weighs 0*584 tons. 

Which makes for two girders . 1*168 tons 
Roadway . . . .0*2 " 

Total weight per running foot . 1*368 " 

Which shows that a Skeleton Bridge would weigh 1*675 
tons less per running foot than the Britannia Bridge. 

In connection with this we have to look at the fol- 
lowing points : 

Firstly, the weight of our roadway is, according to 
the present mode of construction, rather light, as a 
bridge at such a span must be provided with suitable 
horizontal bracing to resist the side action of the wind. 
These bracings might be common tie rods, or arranged 
as shown in Fig. 6, Plate II. The weight of such an 
arrangement is, however, not taken into account in the 
above calculation. 

Secondly, we must consider thrat this bridge is able 
to carry 1 i tons per running foot safely, being nearly 
equal its dead weight. The Britannia Bridge carries, 
besides its own weight, about 1 ton per running foot. 

We further have neglected, in our Skeleton Bridge, 
the weight of our pillars and abutment-bars ; but we 
have also neglected the cast-iron end frames in the 
Britannia Bridge, which will pretty nearly balance 
each other. Because by taking the whole length of 
4 spans, two of which are only 274 feet, we find a 
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total weight of 5285 tons in a length of 1524 feet, 
which is 3*468 tons per running foot, being nearly 
h a ton more than in the above calculation. By 
taking everything into consideration we shall not be 
far wrong in stating that a Skeleton Bridg;e of the 
same span as the Britannia Bridge will want about 
half the material. This is especially remarkable, as 
the bottom of the tube in this bridge, representing 
the roadway, belongs chiefly to the carrying part of 
the structure, which is not the case in our bridge, 
where the roadway does not carry, but increases the 
load. 

The deflection of a skeleton single-line bridge, being 
loaded with 1* tons per running foot, amounts, ac- 
cording to my calculation, to 2*85 inches, which will 
completely disappear after the rolling load has passed. 
By taking in such a length of bridge h ton per running 
foot for an ordinary goods train, the deflection will be 
114 inches, whilst one tube of the Britannia Bridge, 
at a load of 248 tons (27 coal wagons) being about 
h ton per running foot, deflected 0*676 inches. Ac- 
cording to this, the deflection at U ton load per run- 
ning foot would be 1*69 inches. By making, however, 
our Skeleton Bridge double the weight, i.e. about 
equal to the weight of the Britannia Bridge, the de- 
flection of our bridge will be 1*42 inches at Ik tons 
load, and 0*55 inches at h ton load per running foot, 
showing a smaller deflection at equal weights. 

I will add here the span which would be crossed by 
a skeleton girder having the same weight as one tube 
of the Britannia Bridge of 460 feet length — 3*04 
tons per running foot. Taking the weight of the road- 
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way, including horizontal bracing, = 0*4 tons per run- 
ning foot, there remains for both girders 2*64 tons, 
being for each T32 tons. Table VII. shows that a 
wrought-iron girder of this weight will have a span of 
600 to 700 feet (exactly = 666 feet). 

Therefore, taking the same span for both systems, 
the weight of the skeleton bridge will only be half of 
the other, and by taking the same weight the skeleton 
bridge will be 200 feet longer, being about lh times 
the length of the other. If now we build a skeleton 
bridge of 460 feet span of steel, loaded with 10 tons 
per Q inch, we find that each girder will weigh 0'21 
tons per running foot ; both girders, 0*42 ; roadway, 
0*4 ; making the total weight in steel = 0*82 tons — 
which shows that the steel bridge will have about half 
the weight of the wrought-iron one, whilst the weight 
of the girders is in the proportion of 12 : 4 ; showing 
that a steel girder of this principle is one-third of a 
wrought-iron one. 

LATTICE GIRDERS. 

As examples for open girder bridges, we will firstly 
look at the Drogheda Bridge, near Dublin, in Ireland, 
and secondly at the Crumlin Viaduct. Both are dis- 
tinguished by their light and lofty designs. 

The Drogheda Bridge has three spans : a centre one 
of 267 feet, and two other ones of 141 feet, which 
are crossed by one continuous beam. The particulars 
are : — Weight of centre bridge in double line, per 
running foot, 1*446 tons ; or, per running foot of 
single line. 

0-723 tons, 
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Greatest load = 1 ton per running foot. Strain on 
material 5 tons per Q inch in tension, and 4£ tons in 
compression. For 267 feet span, and 1 ton rolling 
load per running foot, one skeleton girder weighs 0*20 
tons per running foot. 

Two girders . . . .0*40 tons. 

Roadway 0'2 

Total weight for single line . 0*6 " 
Ditto for double line .12 " 

where the weight will be identical, whether we use four 
or two girders. This is 0*246 tons, or k ton per 
running foot less than the Drogheda Bridge. 

The proportion will be still more favorable if we 
consider that all three openings are crossed by one 
beam, which causes the weight of the structure in the 
centre span to be considerably less. 

The highest strain per £H inch was taken in this 
bridge 5 tons in tension and 4£ tons in compression, 
the tension being equal to what is calculated in our 
tables, and compression greater. 

The Orwmlin Viaduct will be found more suitable 
for direct comparison, because it represents equal 
spans. The particulars are : 10 spans of 150 feet 
each, the bridge has double lines and four girders. 
Weight of one pair of •girders for single line = 44 
tons, being 0'293 ton per running foot, and 0147 
ton for one girder. Greatest load =* \\ tons per 
rnuning foot; greatest strain per Q inch = 5 tons 
in tension and 4 tons in compression. Deflection of 
one pair of girders loaded with Ik tons = Is inch. 

According to our tables, a skeleton girder of the 
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same span weighs 0*20 ton ; 2 girders, single line, 
0*248 ton, or 2 girders of 150 feet span 37 tons ; 
which shows about 7 tons less for each .line and each 
opening. Besides this we could have saved more by 
introducing larger spans and less pillars. 

The deflection of a skeleton girder will be, at 150 
feet span and 1* ton load, =0*93 inches. 

Finally, I shall mention a large bridge in Prussia, 
the Dirschauer Weiehselbrucke, of 6 spans of 386 feet 
each, of which every two are crossed by one beam. 
The bridge is of single line, and was calculated for 
0*96 ton (English measure) per running foot. The 
material is loaded with 4*34 tons per JT1 inch in ten- 
sion, and 3*83 in compression. The dead weight is 
2*873 tons per running foot. 

A skeleton girder of 386 feet span and a load of 
1 ton, weighs, at 5 tons strain in tension, 0*357 ton 
per running foot, therefore 

Two girders - - - = 0*714 tons. 
Roadway . - - - = 0*2 " 

Total weight - - 1*914 tons : 

i.e. a skeleton-girder bridge will weigh only one-third 
of the bridge over the Weichsel. 

By taking the same strain of material (4*34 tons), 
the weight of one skeleton-girder will be 0*454 ton, 

Two girders - - - - 0*908 tons. 
Roadway ...... 0*2 



Total weight - - 1*108 tons 
being only 21 part of this executed bridge. 
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TRUSS AND BEAM BRIDGES. 

As regards the remaining structures illustrated in the 
annexed plates, I shall firstly mention that the same 
calculation can be used for the trussed bridges (Fig. 
2, Plate I., and Fig. 5, Plate II.) as for the suspended,- 
only the signs of the strains will be reversed, as the 
system itself is reversed. The same diagrams, as 
shown Plate IV., therefore, obtain for the distribution 
of forces in a corresponding trussed bridge, under the 
following suppositions : — In Fig. 15 the load acts in a 
contrary direction, and, according to this, we have in 
a trussed bridge tension and compression, where in a 
suspended one compression and tension act respect- 
ively (see page 57). The red lines signify, therefore, 
tension, and the black ones compression. Fig. 16 is 
correct both for a trussed and suspended bridge ; and 
Fig. 17, by reversing the symbol of the colors, repre- 
sents a combination of the action of load and decrease 
in temperature of 30° Centigrade. 

In reference to the weights of trussed bridges I will 
add, that the same are not much heavier than sus- 
pended, ones ; because, as the strains are the same in 
absolute value, such a structure can only become 
heavier by the increased number of struts. Fig. 15 
shows, however, that for a uniformly distributed load 
the number of struts is not very much greater than 
the number of ties. 

For beam bridges (Figs. 7 and 8, Plate III.) the 
calculation is far simpler than for the suspended, 
which have been examined previously, fflrst, there is 
here nowhere a superfluous rod ; and, further, as the 
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girder is only fixed at the oi\e end, and rests freely at 
the other, no more points are fixed than absolutely 
necessary for fixing the girder. The calculation, there- 
fore, will be carried on, as shown on pages 27, 28 ; and 
there is no necessity to express the strains by the dis- 
placings of the connection-points, which was the case 
in the suspended bridges. Further, it is possible at 
these bridges to ascertain the forces geometrically, by 
using the parallelogram of forces, but only so far as 
we want the strains. If it is, however, required to 
calculate the deflection — and this is necessary to obtain 
a measure of the rigidity — then we are boijmd to ex- 
press the strains by the displacings of the connection- 
points, and to find the formulae from the displacings, 
just as we did with the suspended bridges. Besides 
this, the calculation will be greatly simplified, as the 
extension by heat is not resisted within the structure, 
and the calculation of the action of heat is, therefore, 
no longer necessary. 

I consider, first, the beam (Fig. 7, Plate III.). The 
arrangement of struts and ties is here different from 
the usual way, as these are not two parallel systems, 
but are tending to two points. By this, we gain the 
advantage, that the bars which are only exposed to 
compression are the shortest.* It will be seen that the 
bars of the greatest compression are forming the greatest 
angle, and are therefore the shortest. The bars of 
greatest compression are near the abutments. Toward 
the centre, as in all similar constructions — for example, 



* In Fig. 7 the beam is drawn by mistake upside down, so that the top 
ought to be the bottom. 
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in Warren girders — the* compressive forces axe de- 
creasing, and near the centre the bars have to resist 
tension and compression alternately, whenever a train 
is passing. Corresponding to this, the bars in the 
centre are symmetrical, and towards the abutments 
the bars, which have to resist more and more com- 
pression, are becoming proportionally shorter ; whilst 
by this, the ties become likewise proportionally longer. 
For the weights of these girders I give the follow- 
ing table ; the figures are ascertained from the medium 
weight of several girders which have been particu- 
larly examined, and are then calculated for various 
spans. (See Appendix.) 

Table IX. 

Containing the weight in Tons of One Girder, like Fig. 7, 
which can carry, besides its own weight, one Ton per 
running Foot. 



T 


86 


50 


75 


100 


150 


200 


250 


800 


350 


400 


500 


5 


1-09 


4-5 


10-7 


20 


50 


100 


178 


300 


490 


800 


2500 


6 


0-90 


3-7 


8-7 


16 


40 


67 


133 


214 


331 


600 


1136 


7 


0-77. 


3-2 


74 


14 


33 


63 


106 


167 


250 


364 


735 


8 


0-67 


2*8 


64 


12 


28 


53 


88 


136 


203 


285 


544 


9 


0-59 


24 


5-6 


10-2 


24 


45 


75 


115 


168 


235 


431 


10 


0-53 


2-2 


6-0 


9-1 


21 


40 


66 


100 


144 


200 


357 


11 


048 


2-0 


4*5 


8-2 


19 


36 


68 


88 


126 


174 


305 


12 


044 


1-8 


4-1 


7-5 


17 


32 


52 


79 


112 


154 


266 



This table corresponds to Table V., and according to 
what has been said about this one, it will not be diffi- 
cult to calculate the tables corresponding to Tables 
VI. and VII. 
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Tmther, the following Table X. is completely analo- 
gous to Table VIIL: 



Table X. 

Containing for different materials the Spans at which a 
Girder, Wee Fig. 7, is complete!]/ haded by Us men 



X 


cfSpan. 


5 


600 


6 


720 


7 


840 


8 


960 


9 


1080 


10 


1200 


11 


1320 


12 


1440 



The amount of deflection in these bridges depends 
chiefly on the height of the girder. The weight of 
the girder, however, alters only slightly by taking the 
heights between ^ and \ of the span, because at a 
greater height the bracing, indeed, gets longer ; but 
the strains in the top and bottom member decrease 
remarkably. 

By making, however, the height of the girder 
greater or smaller than this, the weight will, in both 
cases, increase considerably. The suitable height de- 
pends* therefore, within the given limits only on the 
deflection. 
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For iron girders, I found the deflections : — 

For a height of j. of the span = 0*00076 L 
tV " = 0-00090 L 

tV " =0-00110 L, 

where L represents the span. 

By taking, therefore, as is not objectionable in prac- 
tice, the deflection = yrnnr of the span, we find that 
at a height of iV of the span, the girder is sufficiently- 
rigid ; at a less height, the deflection will be too great. 
The weights in Table IX. are calculated for a height 
= -At of the span. 

For material of greater admissible strain we are of 
course obliged to increase the height without obtaining, 
as mentioned, a much greater weight of the girder. 

Fig. 8, Plate III., shows another beam. The top 
members form part of a parabolic curve, which might 
be substituted by part of a circle, and the bottom 
members form a straight line, as is the case in Fox 
and Henderson's girders. In all such parabolic gird- 
ers the bracing has but little to resist, and is therefore 
arranged as it seemed to be most suitable and simple 
for practice ; and this I consider will be in making 
the single members in the top of equal length. I 
have therefore divided top and bottom into equal 
parts, so that the top has one bar more than the bot- 
tom. By this, the position of the bracing is com- 
pletely fixed. 

From these beams I have examined one, where I 
have taken the height = tV of the span. According 
to this calculation, I have composed the following table 
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of the weights, which shows that this beam is a little 
lighter than the previous one : 

Table XI. 
Containing the weights in Tons of One Girder, like Mg. 8, 
which can carry, besides its own weight, one Ton per 
running Foot 



T 

5 


25 
1*00 


50 


75 


100 


150 200 


250 


300 


350 


400 


500 


41 


M 


ia 


49 87 


152 


250 


395 


615 


1562 


6 


0-81 


34 


78 


15 


35 | 68 


116 


183 


277 


408 


856 


7 


0-70 


2*8 


6-6 


12 


29 1 55 


93 


173 


213 


305 


589 


e 


0-61 


2*5 


6-7 


10-5 


25 47 


78 


118 


173 


244 


450 


9 


0-54 


2*2 


5 1 


92 


22 


41 


67 


101 


146 


203 


383 


10 


0-60 


2-0 


4-7 


8-2 


19 


36 


58 


-88 


126 


174 


347 


11 


33 


1*8 


4*1 


7-4 


17 32 


52 


78 


121 


152 


263 


12 


0*40 


1-fl 


3 7 


6-7 


Hi 29 


49 


70 


99 


135 


231 



This table corresponds to Table X., and the following 
one to Table VIII. - 

Table XII. 
Containing for different materials the Spans at which a 
Girder, like Mg. 8, is completely loaded by its own 
weight. 



T 


Theoretical Limi 
of Span. 


5 


660 


6 


792 


7 


924 


8 


1056 


9 


1188 


10 


1320 


11 


1452 


11 


1584 
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Were we to examine the weight of these girders at 
different heights, we should obtain pretty near the 
same results as have been obtained in the previous 
ones ; at any rate, the same would be but slightly 
increased, when the height is increased to i or £ of 
the span ; whilst also in this case the deflection in- 
creases naturally as the height increases ; and reversely 
decreases as the height increases. For the calculated 
girder, I found at a height = A of the span, a de- 
flection — 000093 times the span, when the girder 
was completely haded — i.e. uniformly loaded, so far as 
admissible without exceeding the strain of 5 tons per 
square inch. 

Which shapes for such open girders are the most 
economical ? is a question which theory will have to 
decide ; and whatever shape may be found to be the 
most economical, no difficulties can arise in making 
them, as it will be seen clearly skeleton structures can 
be carried out in any shape. * 



As regards the different materials, which are sup- 
posed in the tables, I shall again remind you that all 
these tables show how very advantageous it is to adopt 
superior material. 

The material is represented in the tables by the 
number T, which indicates how great a strain in tons 
the same can carry with safety. The different values 
of T f which were taken from 5 to 12 tons, represent 
either different material — iron or steel — or they repre- 
sent to a certain degree the same material, as far as 
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this is more or leas well made and carefully selected. 
Thus, for example, good iron carries with safety far 
more than 5 tons, as the limit of elasticity is not 
reached before 8 or 10 tons. But as an iron rod, when 
it leaves the factory, can never be considered to be 
without faults or weak points, it is generally exposed 
to a strain of 5 tons at the utmost, and under these 
circumstances it would not be advisable to apply a 
greater strain. 

If, however, every piece, before using, is submitted 
to a careful examination, and all the pieces are cast 
out which by this testing jare found to be feulty, we 
can afterwards admit a higher strain without having 
less security than by using untested material. 

The tables show clearly that the expenses of such a 
particular testing are well covered — at least in large 
structures, where the dead weight, in proportion to 
the casual load, is considerable. 
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Let G be the weight of a girder, K the weight which 
it can carry, besides its own weight, at a uniform load 
— without exceeding the greatest admissible strain of 
material — then suppose P is the total load, including 
the dead weight, i. e., 



& 



= a + k 

A simple consideration shows, and the equations for. 
the strain prove, that the following #wo points are 
correct for Skeleton Structures : 

Firstly : The strain in any bar of a skeleton girder, 
as long as the mode of distribution is the same, is in 
proportion to the load P, whether this is uniformly 
distributed or not. Secondly : This strain is reversely 
proportional to the section of the bar. 

By making, therefore, all sections in' a skeleton 
girder m times as strong, all the strains will only be 
the rath part as before ; but by making also P m times 
as great, the strains will also be m times more — i. e. 
equal to their original value. The dead weight G, 
increases by this in the same proportion as the sections, 
i. e. G increases with P by m times its value. 

As now, 

P = G + K, 
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K must also increase at the same time as P and G, 
i. e. : If in a skeleton girder the load K increases, all 
sections, as well as the weight G, increase in the same 
proportion if the strain in all rods is to remain the 
same. 

By this it is easy to ascertain the weight G' of a 
girder which is to carry the load K ', if we know the 
weight G of a girder of the same construction carrying 
the load K. 

It is, G' : G = K' : K, 

or, G ' = ^ W 

We need, therefore, only determine the construc- 
tions and weight of a girder for one load, in order to 
find directly the same for any other one. 

In the same manner we can proceed when we want 
another strain in the rods, i. e. when we want to em- 
ploy other material. The sections will be altered 
until the desired strain is received, whilst P remains 
unchanged, so that K increases as much as G decreases. 
Thus we find by formula (1), the weight G for a 
given K' . 

It remains, therefore, now to solve the second 
question — How does the weight of a girder change 
when its length is changed, and the construction 
remains the. same ? 

For this purpose we will use the following symbols : 

L -Length of a girder, 

a Unit of length of a rod, 

q Sectional area of a rod ; 
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the other significations remain the same as before. 
For a second girder, geometrically similar to the first, 
the same letters with a stroke (as shown above) will 
be used. 

In altering, therefore, a into a', and L into L\ we 
have at the same time 

a = n a, and L' = n L. 

In the same proportion we will alter the section q 
into q\ then it is 

q - n q. 

It now becomes the question, how must P be 
altered that the strains may remain unchanged ? 
The strain in a rod depends on the section q and 

P 

on the load P of the girder : it is proportional to — 

and depends on the length only so far as G changes 
with it, and consequently also P. Shall, therefore, 

P 

the strain remain the same, — must be unaltered, or, 

q . 

P' _P 

•T"V 

which is only the case when also 
P' = nP. 

The dead weight G is proportional to the unit of 
length a and to the unit of section q, therefore to q a, 
and consequently from the above # 

<?' = n 1 G. 
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Prom all this it follows : 

If without altering the geometrical figure of a 
girder — the length of the same, all the cross sections, 
and the whole load, including its dead weight which 
it can carry, be multiplied by n, the strain in all the 
bars remains unaltered, whilst the weight of the girder 
becomes n* times as great. 

Assuming now we had for a girder fixQ,d by cal- 
culation the values If\ G", and P", and suppose we 
want to find the same for another girder geometrically 
similar to this one, and of the length L = n L", we 
find after multiplying P also by n 





L = n L", 




P=nF\ 

G = n'G", 


therefore 






P 7" 
G n G"' 


Now is, as 


follows by the significations 




P = G + K, 


therefore ' 


Q~ + G' 


further 


L = n L", or - = :£, 
n L 


therefore 


P" P" L 

n G" " G' L" ' 



(2) 
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So that (2) becomes 

l + K _ P " K 
1 G~&'L ' 



P" 

and if we put -^ L" = A» 

G~T] 



it becomes 1 + -— = 



from which we finally get 

a.™ 



(8) 



This formula gives us in a very simple manner the 
weight of a girder of the length L, which has to carry 
the uniformly distributed load K. The only unknown 
value in it is a, and this we can determine as soon as 
we have found by calculation or trial the weight G" 
of a girder geometrically similar and of the length 
L'\ i.e. that weight which the girder requires to carry, 
exclusive of its own weight, the uniformly distributed 
load R. It is : 

K = —Q^ L = G L ' 

From formula (3) follows that G becomes » when 
L = A. The value A is therefore the length at which 
the girder can only carry its own weight without the 
platform and load, because its weight becomes infi- 
nitely large as soon as the load K is in value above 
nought. If, however, K is = 0, we find the corre- 
sponding value of G under the form -, which contains 
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any number, so that the girder, no matter how strong 
we may assume the unit of section, can always carry 
its own weight. The material would, however, be ex- 
posed to the same strain as was assumed to be admis- 
sible in the first calculation. 

In putting K = Lk, 

where k signifies the load for the unit of length, our 
formula gives for the whole weight of one girder 

L 2 k 



G = 



A-H 



and for the weight g = _ per running foot. 

L 

Lk 
9 = 



A-L 



The value of A depends only on the greatest admis- 
sible strain, i.e. this value depends only on' the mate- 
rial and the geometrical form of the girder. 

In Tables VIII., X., and XII., therefore, these num- 
bers are represented as the spans at which the girder 
can just carry its own weight. 



THE END. 
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Colors. 1 vol. 8vo, cloth 4.00 

" It is the best work on Drawing that we have ever seen, and is especially a text-book of 
Geometrical Drawing for tho nse of Mechanics and Schools. No young Mechanic, such as a 
Machinist, Engineer, Cabinet-Maker, Millwright, or Carpenter, should be without it "— Scientific 
American. 

" One of the most comprehensive works of the kind ever published, and cannot but possess 

great value to builders. Tho style is at once elegant and substantial."— Pennsylvania Inquirer. 

" We think this the best work on this subject, which is saying very much; as 'much attention 

has been given to the science of Drawing. There is nothing in the range of drawing that cannot 

be found in this book, and which is not well explained."— Ohio Teacher. 

"Whatever is said is rendered perfectly intelligible by remarkably well-executed diagrams on 
steel, leaving nothing for mere vague supposition; and the addition of an introduction to isome- 
trical drawing, linear perspective, and the projection of shadows, winding up with a useful 
index to technical terms."— Glasgow MecTianics' Journal. 

4^ The British Government has authorized the use of this book in their schools of art at 
Somerset House, London, and throughout the Kingdom. 

MINIFIE (Wm.) Geometrical Drawing. Abridged from the 
Octavo edition, for the use of Schools. Illustrated with 48 

steel plates. Fifth edition, 1 vol. l2mo., half roan 1 . 50 

" It is well adapted as a text- book of drawing to be used in our High Schools and Academies 
where this useful branch of the fine arts has been hitherto too much neglected."— Boston Jour 
nal. 

PIEECE (Prof. Benj.) System of Analytical Mechanics. 
Physical and Celestial Mechanics, by Benjamin Pierce, Per- 
kins Professor of Astronomy and Mathematics in Harvard 
University , and Consulting Astronomer of the American 
Ephemeris and Nautical Almanac. Developed in four sys- 
tems of Analytical Mechanics, Celestial Mechanics, Poten- 
tial Physics, and Analytic Morphology. 1 vol. 4to. cloth. 10.00 
" I have re-examined the memoirs of the great geometers, and have striven to consolidate 
their latest researches and their most exalted forms of thought into a consistent and uniform 
treatise. If I have horeby succeeded in opening to the students of my country a readier access 
to these choice Jewels of intellect; if their brilliancy is not impaired in this attempt to reset 
them; if, in their own constellation, they illustrate each other, and concentrate a stronger light 
upon the names of thair discoverers; and, still more, if any gem which I may have presumed 
to add is not wholly lustreless in ttoe ooUeoOos,— I shell fieel that nv work haenxH been in vate" 
—Ettrmcl ft vst At Pre/act. 
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POOK (S. M.) Method of Comparing the lanes and Draught- 
ing Vessels Propelled by Sail or Steam. Including a chap- 
ter on Laying off on the Mould-Loft Floor. By Samuel M. 
Pook, Naval Constructor. I vol. 8vo, with illustrations, 
cloth 5 .00 

" Few men have had better opportunity to study the marine architecture of the past and 
present than Constructor Pook; and that the theories he has deduced from that study are correct 
ones, the fine ships built under his supervision at the government yards bear witness. The 
book will be of interest to every shipwright who looks higher than to the mere swinging of an 
axe."— Chronicle, Portsmouth, N. H: 

SOGERS (H. D.) Geology of Pennsylvania. A complete 
Scientific Treatise on the Coal Formations. By Henry D. _ 
Rogers, Geologist. 3 vols. 4to, plates and maps. Boards.*3o.oo 

BUSSELL (J. Scott).— The Modern System of Naval Archi- 
tecture for Commerce and War. In Three Parts. Part 1, 
Naval Design* Part 2, Practical Ship-Building. Part 3, 
Steam Navigation. 1 vol. folio, 27 in. x 20 in., 724 pp, 
text, and 2 vols, plates, 165 in all, and engraved on copper, 
varying in size from folio double elephant, 27 in. x 20 in. 
to 27 in. x 90 in., and are drawn to a practical working 

scale. In Portfolio *6o.oo 

In half Russia, 3 vols *io5 .00 

SHAFFNER (T. P.) Telegraph Manual. A complete His- 
tory and Description of the Semaphoric, Electric, and Mag- 
netic Telegraphs of Europe, Asia, and Africa, with 625 
illustrations. By Tal. P. Shaffner, of Kentucky. New 
edition. 1 vol. 8vo. cloth, 850 pp 6. 50 

SILVERSMITH (Julius). A Practical Hand-Book for Miners, 
Metallurgists, and Assayers, comprising the most recent im- 
provements in the disintegration, amalgamation, smelting, 
and parting of the Precious Ores, with a Comprehensive 
Digest of the Mining Laws. Greatly augumented, revised and 
corrected. By Julius Silversmith. Fourth edition. Pro- 
fusely illustrated. 1 vol. izmo, cloth. 3 . 00 

u < The Practioal Hand-Book for Miners, Metallurgists and Assayers,' by Mr. Julius Silversmith, 
a 'writer well-known in connection with mining enterprises, forms a useful contribution to the 
scientific literature of the oountry. It wlU be found of equal -value to those engaged in mining, 
either as actual workers, or as owners or shareholders' in mining property* It gives a brief 
return* of the goology of .metals, quite sufficient for practical purposes, and evidently gathered 
from the best authorities. It treats of mining in all its branches, for ores and native metals, . 
classifying Mts several kinds of veins and deposits, and herein exhibits the modes In use in the 
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exploration of mines, tunnels, shafts, adits, galleries, &c, and the timbering of mines. This 
part of the book, as indeed most branches treated, is profusely illustrated by cuts, which most 
assist the ready comprehension of the matter discussed. A summary of the chemistry and 
metallurgical treatment of metals follows, and after giving descriptions, accompanied by en- 
gravings, of a large number of the Jiew processes and inventions for treating ores, especially 
those of the precious metals, the b Ac concludes with an exposition of the mining laws of the 
Pacific States and Territories."— 2V«o Fork Herald. 

SILVER DISTRICTS OF NEVADA. 8vo, with map, paper. 35 

SPHERICAL ASTRONOMY, — By F. Brunnow, Ph. Dr. 
Translated by the Author from the Second German edition. 
1 vol. 8 vo, cloth 6 . 50 

STILLMAN (Paul). Steam Engine Indicator, and the Improved 
Manometer Steam and Vacuum Guages — their Utility and 
Application. By Paul Stillman. New edition. 1 vol. 
1 2mo, flexible cloth 1 . 00 

"The purpose of this useful volume is to bring to the notice of the numerous class of those 
interested in the building and the use of steam engines, the economy and safety attending the 
use of the instrument therein described. The Manometer has been long used— the inventor is 
Watt in a cruder form; and the forms herein described are patented by the author. The Ian 
guage of the author, the diagrams, and the scientific mode of treatment recommend the book 
to the careful consideration of all who have engines in their care."— -Bottom PosL 

SWEET (S. H.) Special Report on Coal ; showing its Distri- 
bution, Classification and cost delivered over different routes 
to various points in the State of New York, and the prin- 
cipal cities on the Atlantic Coast. By S. H. Sweet. With 
maps, 1 vol. 8vo, cloth 3 .00 

8TEWAET (W. M.) The Mineral Resources of the Pacific 
States and Territories. By Hon. W. M. Stewart. 8vo, 
paper 25 

WALKER (W. H.) Screw Propulsion. Notes on Screw Pro- 
pulsion, its Rise and History. By Capt. W. H. Walker, 
U. S. Navy. 1 vol. 8vo, cloth 75 

" After thoroughly demonstrating the efficiency of the screw, Mr. Walker proceeds to point 
out the various other points to be attended to in order to secure an efficient man-of-war, and 
eulogises throughout the readiness of the British Admiralty to test every novelty calculated to 
give satisfactory results. • • • • Commander Walker's book contains an immense amount 
of concise practical data, and every item of information recorded fully proves that the various 
points bearing upon it have been well considered previously to expressing an opinion, "—Lon- 
don Miating Journal, 
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WARD (J. H.) Steam for the Million. A popular Treatise 
on Steam and its Application to the useful Arts, especially 
to Navigation. By J. H. Ward, Commander U. S. Navy. 

New and revised edition, l vol. 8vo, cloth 1 .00 

u A most excellent work for the young engineer and general reader. Many facts relating to 
the management of the boiler and engine are set forth with a simplicity of language, and per- 
fection of detail, that bring the subject home to the reader. Mr. Ward is also peculiarly happy 
in his illustrations."— American Engineer. 

WEISBACH (Julius). Principles of the Mechanics of Machine- 
ry and Engineering. By Dr. Julius Weisbach, of Frei- 
burg. Translated from the last German edition. (In press) 

WHILDEH (J. K.) On the Strength of Materials used in 
Engineering Construction. By J. K. Whilden. I vol. 
1 2mo, cloth 2 . 00 

" We find in this work tables of the tensile strength of timber, metals, stones, wire, ropo, 
hempen cable, strength of thin cylinders of cast-iron; modulus of elasticity, strength of thick 
cylinders, as cannon, &c., effects of reheating, etc, resistance of timber, metals and stone to 
crushing; experiments on brick-work; strength cf pillars; collapse of tube; experiments on 
punching and shearing; the transverse strength of materials; beams of uniform strength; table 
of coefficients of timber, stone and iron; relative strength of weight in cast-iron, transverse 
strength of alloys; experiments on wrought and cast-iron beams; lattice girders, trussfti cast* 
iron girders; deflection of beams; torsional strength and torsional elasticity." — American Ar- 
tisan. 

WHITNEY (J. P.) Colorado, in the United States of America. 
Schedule of Ores contributed by sundry persons to the Paris 
Universal Exposition of 1867, with some Information about 
the Region and its Resources. By J. P. Whitney, of Bos- 
ton, Commissioner from the Territory. Pamphlet 8vo, 

with maps. London, 1867 25 

(J. P.) Silver Mining Regions of Colorado, with some 

account of the different processes now being introduced for 
working the Gold Ores of that Territory. By J. P. Whit- 
ney. 1 2mo, paper 25 

" This is a most valuable little book, containing a vast amount of practical Information about 
that region. It will be found useful to men of a scientific turn of mind, should they never con- 
template a journey to the region of silver and gold."— FuU River News. 

WILLIAMSON (R. S.) On the Use of the Barometer on Sur- 
veys and Reconnaissances. Part I. Meteorology in its con- 
nection with Hypsometry. Part II. Barometric Hypsometry. 
By R. S. Williamson, Bvt. Lieut.-Col. U. S. A., Major 
Corps of Engineers. With Illustrative Tables and Engrav- 
ings. Paper No. 1 5, Professional Papers, Corps of En- 
gineers. 1 vol. 4to. (In press.) 
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